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Abstract

In accordance with the features of bi-level programming model and based on the concept of
the improved strategies of inertia weight, this paper proposes a Bi-level Objective Particle
Swarm Optimization (BLOPSO) to solve a kind of optimization problems. In the BLOPSO
algorithm, a lower-level multi-objective optimization is embedded in the upper-level
objective optimization process to seek its feasible searching space, adjusts the interactive
iteration between the two particle swarm optimization algorithms in the upper and lower
levels through inertia weight, obtains ideal approximate global optimal solution and reflects
the decision-making process of the bi-level programming problems. BLOPSO algorithm
doesn’t rely on concrete bi-level programming model and it can seek special bi-level
programming problems and provides a general framework to seek complicated bi-level
programming problems, besides, it has extensive universality and suitability and it can
obtain high-quality global optimal solution.
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1. Introduction

Bi-level ~ programming  optimization
problem is a vigorous and challenging field which
people have been investigating and exploring for a
long time. Numerous actual optimization
problems are difficult to solved and the traditional
optimization methods such as Newton’s method,
conjugate gradient method, pattern search method

and simplex algorithm have failed to meet
people’s requirements, therefore, to design highly-
efficient optimization algorithms have become the
research objective for many science researchers
[1]. In the year of 1995, James Kennedy, a US
social psychologist and Russell Eberhart, an
electrical engineer had come up with Particle
Swarm Optimization (PSO) together, which is a
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global random search algorithm based on swarm
intelligence, which was inspired by the research
achievements of artificial life and simulating the
migration and cluster behaviors of birds flock’s
foraging[2]. As the other evolution algorithms,
this algorithm is also based on the concepts of
“swarm” and “evolution” and it realizes the search
of the optimal solution in the complicated space
through the collaboration and competition among
the individuals, in the meanwhile, different from
the other evolution algorithms which conduct
evolution operator operations like crossover,
mutation and selection on the individuals, PSO
sees the individuals in the swarm as the particles
with no mass and volume in n-dimensional space
where every particle moves in the solution space
at a certain rate, aggregates towards its previous
optimal position and the previous optimal position
in the neighborhood and realizes the evolution of
the candidate solutions[3].

In 1995, IEEE international neural
network academic conference had released a
paper named “Particle Swarm Optimization”,
suggesting the birth of PSO algorithm[4]. PSO
algorithm is easy to understand with excellent
biological and social backgrounds and to realize
with few parameters and it also has strong global
search capacity on non-linear and multi-modal
problems, therefore, it has drawn extensive
attention in the scientific research and engineering
practice[5]. To analyze and improve PSO not only
has theoretical significance, but also has certain
practical application value. Only a dozen years
passed between the coming-into-being and the
further development of PSO algorithm, therefore,
it still has a weak theoretical foundation and it
also has the defects of slow convergence rate and
prematurity. Whilst resolving the single- and
multi-objective optimization problems, most of
the researchers have been focusing on how to
accelerate the convergence rate of PSO and avoid
premature convergence[6].

This paper firstly introduces the principle
of Particle Swarm Optimization algorithm as well
as global and local models, elaborates the
procedures of PSO and proposes inertia weight
adjusting PSO in order to avoid the problems that
PSO is slow in search rate and easy to be trapped
in local extremum in solving complicated
functions. Then through experimental simulation
and analysis, it applies this algorithm to the upper
and lower level solution procedures of the bi-level
programming problems and raises a universal
BLOPSO  algorithm to  solve  bi-level
programming model problems. As a general

algorithm to resolve bi-level programming
models, this algorithm of the paper doesn’t need
any assumption terms or any conversion
processing of the objective function and
constraints and it doesn’t depend on concrete bi-
level programming model.

2.  Origin  of
Optimization

Ever since the 1930s, the development of
social psychology has revealed that we are the
followers of fish and bird flock’s aggregation
behavior. In people’s continuous interaction and
due to the interactive influence and simulation,
they always become more and more similar, thus
forming code the civilization. Human’s natural
behaviors are not similar with fish or birds,
however, humans have a very similar thinking
track in the high-dimensional cognitive space. The
social phenomenon behind the thinking is far
more complicated than the beautiful motions in
the clustering of fish and birds: firstly, thinking
occurs in the faith space and its dimension is more
than 3, besides, when two thoughts converges to
the same point, we call it consistency but not
conflict. With the research human beings make on
life heuristic computation, the self-organizing
behaviors of some social animals (i.e. ant colony,
bee colony and bird flock) have aroused extensive
attention of the scientists[7]. These social animals
have formed a common feature in the long-lasting
evolution process: their individuals have simple
behaviors, however, when they work together,
they can fulfill very complicated behaviors. Based
on this, people have designed a great number of
optimization algorithms such as ant colony
algorithm, particle swarm optimization, shuffled
frog leaping algorithm and artificial fish swarm
algorithm and have applied these algorithms in
many fields successfully. The concept of particle
swarm optimization comes from the simulation of
the foraging behavior of birds. Although the birds
might change their flying direction and clustering
behavior in the foraging, certain regularity exists
as a whole. Research has proved that there is an
information sharing mechanism in the birds. PSO
algorithm first randomly initializes particle swarm
in the given solution space and the number of the
variables of the problems to be optimized
determine the dimensions of the solution space.
Every particle has the initial position and speed
and optimizes through iterations. In every
iteration, every particle updates its own position
and flying speed in the solution space by tracking
two extremums. The first extremum is the optimal
solution particle a signal particle can find in the
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iteration, which is called the individual extremum.
In the simulation, every individual follows three
principles: to avoid clashes with the neighborhood
individuals, to fly towards the center of the bird
flock and the entire population flies towards the
goal. In 1990, Frank Heppner, a biologist had put
forth bird model. Its difference is that the birds are
attracted to the habitat. In the simulation, every
bird has no specific flying goal at the beginning, it
determines its flying direction and speed with
simple rules (every bird tries to stay in the bird
flock and not to clash each other). When one bird
has flown to the habitat, the birds surrounding this
bird will follow the same direction. In this way,
all birds will go to the habitat. Fig.1 is the Cluster
Model of Bird Flock of PSO[8].

Match the speed of
the neighborhood
individual

Avoid clashes
with the leading
individual

Fly towards the
center of the
bird flock

Entire flying
direction

Figure 1. Cluster model of bird flock

It can be seen from the Fig.1 that PSO
algorithm realizes the search of optimal solution
in the complicated space through the collaboration
and competition among the individuals,
meanwhile, unlike other evolution algorithms
which perform operator operations such as
crossover, mutation and selection on the
individuals, PSO treats the individuals of the
swarm as the particles with no mass and volume
in the n—dimensional search space, where every
particle moves in the solution space at a certain
speed and clusters towards the previous optimal
solution and the previous optimal solution in the
neighborhood so as to realize the evolution of
candidate solutions. PSO algorithm is easy to
understand with its excellent biological and social
backgrounds and to realize with few parameters
and it has strong global searching capacity on the
non-linear and multi-modal problems[9].

3. The Theory of Particle Swarm
Algorithm

PSO algorithm initializes a group of
random particles (random solutions) and its final
optimal solution is sought through several
iterations[10]. In every iteration, every particle
updates itself through two factors (obtains new
positions through new speed): one is the particle

searches its own optimal solution, which is called
“self-awareness”, which is usually significantly
related to the local searching performance of the
algorithm and the other is what is called “swarm
intelligence”, which is the optimal solution sought
by the entire swarm and which can lead the entire
swarm to cluster towards the global optimal
solution in the speed update so as to obtain the
optimal solution under the cooperation of the
individuals and the swarm[11,12]. The motion
trail of the particles in the optimization process is
shown in Fig.2.

_ -
T T e phest pbest >~ _
L ]
* ® goal -
—— /’
N_I;es N *° *° ,pbes’fn

.X\/X

Figure 2. Optimization search diagram of particle
swarm optimization

Assume that in a D -dimensional goal
search space, N particles have formed a swarm
and the ith particle isa D —dimensional vector.
Xi =Xips Xipy o Xip)» 1=12,--+ /N,

The “flying” speed of the ith particle is

also a D —dimensional vector, which is recorded
as:

Vi :(Viliviz""iviD)' i =12,---3,

The optimal position the ith particle has
searched is named as the individual extremum,
which is recorded as:

Prest = (pil’ Pizy s piD)' [ :1’21"'! N,

The optimal position the entire particle
swarm has searched is the global extremum,
which is recorded as:

Opest = (pgll ng""! pgD)

When finding these two optimals, the
particle updates its speed and position according
to the following formulas, namely Formula (1)
and (2).

Vig = W#*Viy +Clr1(pid _Xid)+czr2(pgd -xq) (D)
Xig = Xig * Vig (2)
In here: ¢, and c, are learning factors, also

named acceleration constants and I, andr, are
the uniform random numbers with [0,1].
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4. Procedures of PSO in Solving Bi-
level Programming Model

The biggest challenge to solve bi-level
programming problems lies in the fact that a
solution is the feasible solution of the entire
optimization problem only when it is the optimal
solution of the lower-level optimization problem.
In a way, this requirement doesn’t allow any
approximate methods to be used to solve the
lower-level optimization problems [13]. The
realization of upper-level objectives is subject to
the accomplishment of the decision objectives in
the lower level. Therefore, while selecting the
strategies to optimize the accomplishment of the
upper-level objectives, the adverse effects on the
upper-level must be taken into consideration by
the strategies that might be adopted in the lower-
level. Generally, the admissible strategy sets of
the upper-and lower-level decision-makers are
inseparable and they usually form a correlated
whole [14,15]. The basic steps of BLOPSO
algorithm are classified as follows[16]:

Stepl: Initialize the D-dimensional
variable of every particle i. Randomly initialize
the position variable X, and the speed V, of the

particle i which obeys uniform distribution, set
the maximum iteration T__ , initialize the global

and local learning items of particle i as the
number of the particle in the swarm and randomly
generate the initial solution which meets the
lower-level programming of the bi-level model.
Step2: Set the individual extreme pBest

of every particle in the swarm and the global
extreme gBest of the entire particle swarm.

Step3: Implement Step 3.1-3.5 on every
particle in the swarm.

Step3.1: According to Formula (1) and
(2), update the position variable x, and speed
variable v, of the individual i in the swarm,
evaluate the particle fitness and update the
previous optimal solution of the particle and the
previous optimal solution of the swarm according
to the fitness value.

Step3.2: Substitute the solution of the
upper-level bi-level programming model, namely
the position variable X; of particle i into the

lower-level model and seek the optimal solution

Y. of the lower-level model through inertia weight

adjusting PSO.

Step3.3: Substitute the value (X,,Y;) of
the position variable and the optimal solution of
particle i into the upper-level programming
model and calculate the fitness value F(X;,Y,) of

particle i where i<[1,m] and m is the number of
particles according to the fitness function F(x, y) .

Step3.4: Calculate the threshold value of
the cluster degree and the average cluster distance
among the particles and judge whether it is
trapped in local convergence with the local
convergence of the algorithm. If the fitness value
F(X,Y,) of the ith particle is superior to the
current fitness value, update its position X, as
pBest and the corresponding optimal solution of
the lower-level model as ;.

Step3.5: Use the improved inertia weight
adjusting strategies to recombine the global and
local learning combined variables. If the fitness
value F(X,,Y,) of the ith particle is superior to

the current global fitness value, update the
position X; of this particle as gBest and the

corresponding optimal solution in the lower-level
programming as Y,, otherwise, keep the current

learning item unchanged (hnamely keep the
combined variable value).

Step4: When the maximum iterations
meet the termination condition of the algorithm,
turn to Step 6 and output the optimal solution,
otherwise, turn to Step 5.

Step5: Use the inertia weight adjusting
PSO to seek the corresponding ygBest in the

lower-level programming model to the gBest in

the upper-level. Turn to Step 3 directly and repeat
the steps.

Step6: Update the previous optimal
solution of the particle according to the fitness
value, seek the optimal solutions gBest and

ygBest and to the bi-level programming problems

and output the optimal solution. Calculate the
corresponding fitness function value to the upper-
and lower-level optimal solutions of the bi-level
programming model.

The flowchart of BLOPSO algorithm is
indicated in Figure 3.
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Initialize the parameters of
every individual

'

Update the position variable and speed variable

of the individuals in the particle swarm

v

Update gBest and seek the
corresponding optimal solution ygBest
of the lower-level model to the gBest
of the upper-level model through the
improved PSO algorithm

According to the upper-level variable , seek the optimal
solution of the lower-level model inertia weight adjusting
PSO algorithm Y;

A

Update the previous optimal solution
of the individual according to the
fitness value
2

v

Substitute (X;,Y;) into the fitness function of the upper-
level programming model and calculate the fitness
value of the particle

!

Seek the individual extremum pBest of the upper-level
model and the individual extremum ypBest of the
lower-level model through the inertia weight adjusting
PSO algorithm

v

Seek the global extremum gBest of the upper-level
model through the inertia weight adjusting PSO
algorithm so as to seek the global extremum ygBest of
the lower-level particles

Judge whether to meet the

termination conditions

Output the optimal solution of bi-leve
programming model

Figure 3. Flowchart of BLOPSO algorithm based on Bi-level programming

5. Example Verification of BLOPSO
Algorithm

The following four test functions are
selected to verify the effectiveness of BLOPSO.
Their parameters are set as follows: particles=60,
dimensions=20, learning factors ¢, and c,=2, the
maximum inertia weight=0.9, the minimum
inertia weight=0.3, the maximum iterations=500
and the convergence accuracy=10"°. The
verification tests of this algorithm are realized in
Windows7 platform and in MATLAB R2012a.

(1) Function F1:

min F(x,y) =3x, +2x, -2y, -3y, —50

StX +X,+Yy, -2y, <45

0<x <450<x,<45

min f (X, y) = (¥, =%, +30)° +(y, — X, +30)’
y

st.2y, —x +10<0, 2y,—-x,+10<0

-10<y, £30,-10<vy, <30
(2) Function F2:

@)

min F(x, y) = (x, —20)% +(x, —30)* —15y, +15y,
st.—x —X,+30<0,x +x,-20<0,x, <10
min £(xy) = (4 = %)" + 0 = y)°
st.0<y <150<y,<15
(3) Function F3:
min F(x, y) = x* + (y —10)?
s.tx.x+3y—10§0,x20
myin f(x,y)=x"-3y* +x-3y-x°

(4)

st.—x+3y—-2<0,y>0 5)
(4) Function F4:

mxin F(x,y)=(x-6)*+(3y+1)°

st.x>0

myin f(x,y)=(x-1)°-2xy+x*

St.—2Xx+y+3<0,x—-y—-4<0

X+y-8<0,y>0 (6)
We have operated BLOPSO algorithm on

each of the four test functions 20 times and

obtained the approximate global solutions. We
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verify this algorithm by adopting the following
indexes: the optimal solutions, the worst solutions
and the average solutions of the bi-level
programming problems, the standard deviation of
the optimal solutions in the 20 experiments and

Table 1. Test Results of BLOPSO Algorithm

the objective value function of the corresponding
lower-level programming problems to the optimal
and the worst solutions to the objective functions
in the given upper-level programming problems.
See the experimental results in Table 1.

Upper-level Objective Function Value I\_/g;ﬁgr-level Objective Function
Function Average Standard Optimal Worst Optimal Worst
Solution Deviation Solution Solution Solution Solution
F1 -38 0 -38 -38 520 520
F2 122.0135 1.0306 121.0213 125.3274 | 122.7282 121.3364
F3 64.5816 0.1365 64.2169 64.9543 -27.3159 -26.8328
F4 5.3062 0.0728 5.1546 5.6137 75.4271 74.8173
BLOPSO algorithm has good robustness, Objective  Particle ~ Swarm  Optimization

can find many feasible solution, these feasible
solution has the same upper programming
objective function wvalues, but lower level
programming objective function value is different.
The data in Table 1 have demonstrated that for the
above four functions, the standard deviations of
the optimal value in 20 experiments are small with
one function to be 0, suggesting that the result is
stable and that BLOPSO algorithm can find many
feasible solutions, which have the same upper-
level programming objective function value but
different lower-level programming objective
function value. If the actual mathematical model
is a bi-level programming problem, the solution is
the optimal solution of the bi-level programming
from the point of view of the model. If attach
certain conditions, even optimal solution cannot
meet, should also consider first in the feasible
region for the meet the conditions of the
suboptimal solution and its hierarchical structure
reflected in the upper right greater than that of the
lower layer, the lower layer obey the upper. The
reason is that the function value of the upper-level
model depends on the decision variables of the
lower-level model and that it is not directly related
to the decision variables of the upper-level
programming, which will only affect the lower-
level programming objective function value.
These feasible solutions have the same lower-
level decision variable value.

6. Conclusion

PSO algorithm is the first choice to solve
bi-level programming problems because it is
simple to understand and easy to realize and it has
strong global search capacity and few adjustable
parameters. This paper problems a Bi-level

(BLOPSO) algorithm to solve this kind of
problems according to the characteristics of bi-
level optimization and it verifies that BLOPSO
algorithm has excellent robustness and it can find
satisfactory approximate global optimal solution
through examples.
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