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Abstract

Base on some nonsmooth generalized convex functions called uniform K —(F,, p) — convex
function, uniform K —(F,, p) — pseudoconvex function, uniform K —(F, , o) — quasiconvex

function, nonsmooth multi-objective fractional semi-infinite programming involving these
generalized convex functions is researched, and some sufficient optimality conditions are

obtained.
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Introduction

The convexity theory plays an important
role in  many aspects in  mathematical
programming. In recent years, to relax convexity
assumption involved in sufficient conditions for
optimality —or duality theorems, various
generalizations of convex functions have appeared
in the literature. Hanson and Mond introduced type
I and type II function[1]. Reuda and Hanson
extended type I function and obtained pseudo type
I and quasi type I function[2]. Bector and Singh
introduced b-convex function[3]. Bector, Suneja
and Cupta extended b-convex function and
defined univex function[4]. Mishra discussed the
optimality and duality for multi-objective
programming with generalized univexity[5]. Preda
introduced (F, p) — convex function as extension of

F — convex function and p - convex function[6-8].
Hong Yang defined K -(F,,p)-convex function

and discussed the optimality and duality for multi-
objective semi-infinite programming involving
these generalized convexity[9-10].

As a branch of optimization, fractional
programming has important practical significance
in problems such as resource allocation,
investment portfolio, etc. So research about
fractional programming has attracted a wide spread
attention. For example, Bector discussed the
optimality and duality for subdifferentiable multi-
objective fractional programming [11]. Liu
presented three dual model of minimax fractional
programming[12]. Kuk researched the optimality
and duality for nonsmooth multi-objective
fractional ~ programming  with  generalized
invexity[13].Mishra discussed the duality for
nondifferentiable minimax fractional programming
involving generalized « - uniform convexity[14].
Ho researched the optimality and duality for
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nonsmooth  minimax  fractional  programming
involving exponential (p,r)— invexity [15].Tripathy
discussed the mixed type duality for multi-
objective fractional programming with generalized
p— invexity[16].

In this paper, based on a new class of
generalized convex functions, that is, uniform
K —(F,, p)— convex function, uniform K—(F,p)-

pseudoconvex function, uniform K-(F,p)-

quasiconvex function, we consider nonsmooth
multiobjective fractional semi-infinite
programming involving these generalized convex
functions and obtain some sufficient optimality
conditions.

Definitions

Throughout this paper, let R" be the n
dimensional Euclidean space and R} be its
nonnegative orthat. Now we consider the following

multi-objective fractional semi-infinite
programming problem:
min 0 _ (£ £ 00,
(VFP) 9(x)  9:.(x) g, () g,(x)
sth(x,u)<0,xe X,ueU.
where X =@is an open subset of R",

f(x)=(f.(x), f,(x),---, f_ (X)) : X > RP,
g(x) = (9,(x), 9, (%),-++, 9, (X)) :

X —>R", h:XxU->R UcR is an
parameter set. Vx e X, g(x) > 0.

Let X° ={x|h(x,u)<0,xe X,ueU},A={i|h(x,u’)
<0, xe X,u' eU}, I(X)={i|h(X,u’) <0,Xe X,Uu' €
UL U ={u' eU |h(x,u’) <0,xe X,i e A}IS any
countable subset of U, A ={u,|u; =0], jeA,there
is only finite , such that ,; = 0}.

Notations. If X,y € R", then
X<y % <Y,i=12,-n X<ysx <y,

infinite

i=12,---,nand there exists at least one
ip €{L,2,---,n} such that x, <, .
Definition1™ LetK(-,-) is a local cone

approximation, the function f*(x,-): X - R with

(% y) =inf{g e R|(y,&) e K(epif , (x, (X)), y e R")}

is called K —directional derivative of f at x.
Definition 2" A function f:X >R is

called K —subdifferentiable at x if there exists a

convex compact set o f (x) such that

fY(x,y)= max <& y>VyeR",

£ed £ (x)
where
MF(X)={x e X <y, X >< fX(x;y), Yy e R"}
is called K —subdifferential of f at x.

Definition 3 A functional
F:XxXxR"—>R(X cR") is called sublinear
with respect to the third variable, if for any
X, X, € X,

(1) FOugia+a,) < Fx %)+ F(x,%ia,), Va8, € R™
(i) F(x,x,;ra) =rF(x,x,;a),vreR,r>0,aecR".

Definition 4 x" = X° is called an efficient
solution for (VFP) if and only if there exists no
x < X° such that
f(X:) PRI
a(x)  9(x)

Definition 5x < X° is called a weak
efficient solution for (VFP) if and only if there
exists no x < X° such that
f(x) ~f&

g(x)  g(x)

In the following definitions, we suppose
CcR" is a nonempty set,x,eC, f:C—>R isa
local Lipschitz function at x,, F:CxCxR" >R is
sublinear with respect to the third variable,
$:R>R,b:

CxCx[01 —R,,limb(x,x,;4)=b(x,%), d(.)
A—0"

is a pseudo-metric in R". In [17], Elster and Thier-

Felder defined K —directional derivative and K -
subdifferential and pointed out that K —subdiffer-
ential is most generalized. In [9], using K-

directional derivative and K —subdifferential, some
new generalized convex functions are defined as
follow:

Definition 6 A function f:C - R is said

to be uniform K-(F,p)—convex at x, with
respect to F,¢,b,d, if for all xeC, there exists
p € R such that

b(x, %, )AL f (X) = f(%)] = F (X, %55 &) + pd? (X, y),VE € 0 £ (x,)

Definition 7 A function f:C — R is said
to be strictly uniform K-(F,, p)—convex at x,
with respect to F,¢,b,d, if for all xeC,x=x,,
there exists p R such that

b(x, X)BLF (X) — F ()] > F (X, %3 €) + A2 (X, %,), VE € 0  (x,)

Definition 8 A function f:C — R is said
to be uniform K -(F,, p)—pseudoconvex at x,
with respect to F,¢,b,d, if for all xeC, there
exists p eR such that
b(x, %)L f (x) - F ()] < 0=
F(X,%: &)+ pd?(X,y) <0,VE €0 f(x,) -
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Definition 9 A function f:C — R is said
to be strictly uniform K —(F,, p) - pseudoconvex at
x, With respect to F,¢,b,d, if for all xeC,x = x,,
there exists p € R such that

b(x, %)L f (X) - f (x,)]<0=
F (X, %03 &)+ pd?(X,y) <0,VE € " f(x,) -

Definition 10 A function f:C — R is said
to be uniform K -(F,, p)—quasiconvex at x, with
respect to F,¢,b,d, if for all xeC, there exists
p € R such that
b(x, %)¢Lf (x) - f ()] <0 =
F (X Xp; &)+ pd?(X,y) <0,VE € 0" f(x,).

Definition 11 A function f:C — R is said
to be weak uniform K —(F,, p) —quasiconvex at x,
with respect to F,g,b,d, if for all xeC, there
exists p e R such that
b(x, %)L f (X)— f ()] < 0=
F (X X3 &)+ pd?(X,y) <0,VE € 0" f(x,) -

Sufficient optimality conditions

In this section,we obtain some suffincient

conditions for a feasible X to be efficient or weak
efficient for (vFP) in the form of the following

theorems.
Theorem 1 Assume that x e X°, if for any

xe X% there exist F,g,4,,b.b,, 0 eR, p) R,
A >0,
i=12-,p,u A, jel(X), such that

(i) A() = f,(x)-
convex at X,i=1,2,---,p;

(i) h(x,ul) is uniformK—(sz,pzj)—convex at
% jel(X);

Fi(x) i
0.( P.)

—=—=g;(x) is uniformK —(F,
X)

(iii) erwa(x)+ > p0h(x,ul), vul eU”
jel(X)

(iv) a<0=¢(ax)<0,¢4(0)=0,ad<0= ¢, (x)<0,
b,(x, %) > 0,b,(X,X) > 0;

(V) Zﬂ»pﬁ Y 4;p3 20.

jel(x)
Then x is an efficient solution for (VFP).

Proof. by  hypothesis(iii), there  exists
& e f(X),i=12,-,pand n, ed“h(x,u’),jel(X)
such that
Zif + 2, =

jel (%)
SO

p

FOCGD A+ D wy1;) = F(x,%,0) =0. ®

i=1 jel (%)
Suppose that x is not an efficient solution
for (VFP), then there exists x e X° and at least one

i, € {1,2,---, p} such that

mm<g®

9, (0 g, (¥’

f(x)< f'(f) JA=12,,pi =i,

9,00 g.(x)’

thus

A, () =T, (x)- '°E_;g.0()< = A (%),

AM) = £,00- E;g()<o AR)i=12,, pi %,

by hypothesis (iv), we have
b (X, )A[A, () - A, (9]1<0,

b, (%, X)A[A () - A(X)]<0,i =12,
by hypothesis (i), we get
F(x%g,)+pld*(x.X) <0,74, " A, (X),

F,XE)+pld2(x,X) <0,VE e XA (X),i=1,2,,

p,i#i,.

since 4 >0,i=12,---, p, we have

i/l,F(x,;;fi)+i/l,plid2(x,;)<O,V§i e A(X),i=12,,
()

observe that h(x,u!) <0=h(x,u’), j e 1(x), we have
h(x,u’)—h(x,u’) <0, j e 1(x).

by hypothesis (iv), we have

b, (x, X)g,[h(x,u’)—h(x,u)] <0, j  1(X).

by hypothesis (ii), we get
F(x,%7,)+pld*(x,x) <0,V7y; € g (x,u’), j € 1(x).

since ; € A, j  I(X), we have

> mFoxn)+ 3 ppdt(x ) <0, ®)

jel(x) jel (%)
adding (1) and (3),using the sublinearity of F , we
can obtain

F(x, XZMZ + D, ﬂm)+(zipl+ >, #,pH)d? (%) <0,

jel(x) jel(x)

VE € “AX),i=12,p, ¥y €dg(xu'), jel(x).
by hypothesis (v), we have

Zipﬁ > upl=0.

jel(x)
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F(x, X Z S+ D un,) <0,

i=1 jel (X)
VE €d“AX),i=12,p, ¥y, €dg(x,u'), j e 1(x).
which contradicts (1) .Therefore, x is an efficient
solution for (VFP).

Theorem 2 Assume that xe X°, if for
any xe X° there exist F,4,4,,b,b,, 0 €R, p) R,

A >0,

i=12-,p,u A, jel(X), such that
() A(X) = f.(x) - fEX; g,(x) is uniform

K-(F,.p')-convex at X,i=12,,p;

(i) h(x,u’) is uniform K-(F,,p’')-convex at
% jel(X);
p ; i *
(iii) 0D 4" f, () + > w,dh(x,u'), vul eU”;
i=1 jel (x)

(iv) a<0=4¢(ax)<0,4(0)=0,ad<0= ¢,(x)<0,
b,(x, %) > 0,b, (X,X) 2 0;

(V) Zipﬁ Z ;03 > 0.

jel(x
Then Y is a weak efficient solution for
(VEP).
Theorem 3 Assume that xe X°, if for
any xe X° there exist F,g4,4,,b,b,, 0l €R, p) R,
A >0,
i :]_,2,..., P, u

eA, jel(X), such that

f.(X)
g;(X)

pseudoconvex at X,i=1,2,---,p;

() AMX)=fi(x)-

K _(Fbllpli)_
(ii) h(x,u’) is uniform K —(

—=—g,(x) is strictly uniform

F,.»’)—quasiconvex at

X jel(X);

(iii) erﬂ,aKf(x)+ > p0h(x,ul), vul eU”
jel(X)

(iv) a<0=4(a)<0,4(0)=0,a<0= ¢,(ax) <0,

b (x,X) > 0,b,(x,X) > 0;

(V) Zﬂ»pﬁ Y 4;p3 20

jel (%)
Then x is an efficient solution for (VFP).

Theorem 4 Assume that X e X°, if for
any xe X° there exist F,4,4,,b,b,, 0! €R, p) R,
A >0,

f; (X)
g,(x) "

K—(Fbl,pj)—pseudoconvex at X,i=12,,p;

is uniform

(i) h(x,u’) is uniform K—(sz,pzj)—quasiconvex at

% jel(X):

(iii) OeZﬂ,(’)Kf(x)+ > p0“h(x,ul), vul eU”
jel(x)

(iv) a<0=4¢(x)<0,4(0)=0,a<0= ¢,(a)<0,

b,(x,X) > 0,b,(x,X) 20 ;

(V) Z/’Lp1+ Z Hip, ) >0.

jel (%)
Then x is a weak efficient solution for (VFP).
Theorem 5 Assume that xe X°, if for
any xe X° there exist F,4,4,.b,b,,p €R, p) eR,

420,

i=12,p,u A andnotall 4 is zero, jelI(X),
such that

. f.(X) . .
MHAC)=f,(x)- 0 (X )g( ) is uniform

K —(F,.p')—quasiconvex at X,i=12,,p;

(i) h(x,u")
pseudoconvex at X, je I(X);

is strictly uniform K -(F,,p’)-

(iii) OeZléKf(x)+ > p0“h(x,ul), vul eU”
jel(x)

(iv) a<0=4¢(x)<0,4(0)=0,a<0= ¢,(a)<0,

b, (x,X)>0,b,(x,X)>0;

(V) Z/’Lp1+ z Hip, ) >0.

jel(x)

Then X
Theorem 6
x e X°, there
A >0,
i=12,---,
such that

fi(x)

MDA =f(x)- 0.(%)
K —(F,.p')—quasiconvex at X,i=12,--,p;

(i) h(x,u’)
pseudoconvex at X, je I(X);

is an efficient solution for (VFP).
Assume that xe X°, if for any
exist  F,g4,4,,b,b,,0 €R, p} R,

p, i, € A, and not all

]

wu; 1s zero, je I(X) ,

weak uniform

—4—g.(x) Iis

is strictly uniform K -(F, ,p’)-

(iii) OeZﬂ,ka(x)+ > p0°h(x,ul), vul eU”
jel(x)

(iv) a<0=4¢(x)<0,4(0)=0,a<0= ¢,(x)<0,

i=12-,p,u A, jel(X), such that b, (x,X)>0,b,(x,X)>0;
(V) Z/’i'”p1+zl’lj 20
i jel(x)
240 © Metallurgical and Mining Industry, 2015, No. 4
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Then X is a weak efficient solution for (VFP).

The proofs of Theorem 2—Theorem 6 are
similar to Theorem 1.

Conclusions

In this paper, we consider nonsmooth
multi-objective fractional semi-infinite
programming involving a new classes of

generalized convex functions, that is, uniform
K —-(F,, p)— convex function, uniform K -(F,, p)-

pseudoconvex function, uniform K-(F,p)-

quasiconvex function and obtain some sufficient
optimality conditions.
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