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Abstract

In this paper, we focus on the linear response eigenvalue problem for

Information technologies

. 0 K
“|M o], where K and

admit a 2x2 block partitioning. When K and M are perturbed to K and M by two symmetric
matrices £ and F, the bound on how the changes of its eigenvalues is obtained, which is related to
the Frobenius norm of E and F . Numerical experiment is presented to support our analysis.
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1. Introduction
In this paper, we consider the linear response
eigenvalue problem (LREP) of the form:

ol PR

where K and M are nxn real symmetric positive
definite. Such a problem arises in the linear response
perturbation analysis of the time-dependent density
functional theory in computational quantum chem-
istry and physics which is commonly used to ana-
lyze the electronic excitation spectrum of a quantum
many-fermion system [1, 2, 3, 4]. It is also known as
the random phase approximation eigenvalue problem.

Despite that this is a nonsymmetric eigenvalue
problem since H is not symmetric, this eigenvalue
problem exhibits many properties that one usually
finds in a symmetric eigenvalue problem [5, 6, 7]. In
fact, H is a special Hamiltonian matrix whose eigen-
values are real and come in pairs {1,—1} . Denote by
+/, the eigenvalues of H and order them as

A S S—A<AS..<A. (2)

In particular, 4 >0 since both K and M are po-
sitive definite. In practice, the first £ smallest posi-
tive eigenvalues A4, <...< 1, are of interest.

Recently, Bai and Li [8, 9] has successfully
obtained Ky Fan type trace min principle and Cauchy
type interlacing inequalities, among others. Zhang
[10, 11] got the Rayleigh-Ritz approximation theo-
ry and the backward perturbation bounds for LREP.
Teng [12] study the perturbation bounds of the par-
titioned linear response eigenvalue problems, and
obtain the bound that is of linear order with respect
to the diagonal block perturbations and of quadratic
order with respect to the off-diagonal block perturba-
tions. In this paper, based on the paper [12], we will
continue the effort in studying the partitioned linear
response eigenvalue problems. Suppose LREP (1) in
which K and M are already block diagonal:

" m K m

n | K n | M,
K= , M= )
) Kzz " Mzz (3)
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where M, and K, for i=1,2 are all symmetric posi-
tive definite, then

0 0 K, 0
0 0 0 K,

M, 0 0 0

0 M, 0 0 4
When K and M are pertufbed to
K11+E11 El2 j|
E2I K22+E22 R
M11+Fi1 EZ :|
F‘Zl M22+F'22

IE:K+E:{

M=M+F = {

) 6]
by perturbations £ and F which are assumed
symmetric, and £, a7 are kept to be positive defi-
nite, we are interested in bounding how much the
eigenvalues of # change. Let

0 K, 0 K,
Hl = . H2 =
Mll O M22 0 9 (6)
0 0 K, +E, E,
i 0 0 E21 K22 +E22
|M,+F, F, 0 0
FVZI M22+F'22 0 0 > (7)

and denote the eigenvalues of # and H, by
A, <<=l < A <24, )

-6, <...<-6,<6,<...<9, .
We are interested to bound the difference between the
eigenvalues of H, and some n, eigenvalues of A .
Such a problem arises in one using some subspace
projection type methods for large scale LREP. Re-
cently, there are several rather efficient algorithms for
LREP, such as the gradient type method [9, 13], the
generalized Lanczos method [14, 15], and the block
Chebyshev-Davidson method [16]. Each of these
algorithms hopefully generates an approximate
deflating subspace pair . Projecting LREP by
the approximate deflating subspacepair leads
to A in (7) with E,=F,=0 (i=1,2) and usually
unknown K,, and M,,. Some norm estimates of E,
and F, for i # j are related to the residuals of the
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subspace type method. In such a case, our main re-
sults will help us understand how well the eigenval-
ues of H, approximate some of those of A . In [12],
Teng obtains the bound of |6, —/i,i | (1<i<n) with
respect to 2-norm of the perturbation matrices £ and
F . In this paper, we will do further research on this
problem and try to get the bound of Zﬂ. -1, | related
to the Frobenius norm of £ and F .

The rest of the paper is organized as follows. In
section 2, we will first collect some known results
for the standard symmetric eigenvalue problem and
LREP. These results are essential to our later develop-
ment. We get our main results in section 3. Some nu-
merical example is presented in Section 4 to support
our analysis. Finally concluding remarks are made in
Section 5.

Notation. R™" isthe set of all m xn real matrices,

R"=R",and R=R'. I, is the nxn identity matrix
or simply / if its dimension is clear from the context.

« T 9

The superscript takes transpose only, and |- , de-

note the ¢, -norm of a vector or the spectral norm of

a matrix. For symmetric matrix X € R™", we will use
integer triplet

(i (X)i (X1, (X))

for its inertia, where i (X), i,(X), and i, (X) are the
number of negative, zero, and positive eigenvalues
of X, respectively. For matrices or scalars.X,,
diag(X,,...,X,) denote the block diagonal matrix

X

1

X,
2. Preliminaries
Recall (1). LREP can be turned into the follo-
wing generalized eigenvalue problem by permuting
the first and second block rows to get

R i ) .

where 7 is the identity matrix of apt size. Later
in this paper, we need the following known results
from LREP, standard symmetric eigenvalue problems
and the symmetric definite pencil for our later
development.

Lemma 2. 1. There exist nonsingular ®,¥ € R™"
such that

YKY=A, O Mb=A, ¥=0" 9)

\/iw—i; PSR AP slw, W Ao, e B-B,)
i=1 i=1
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where A =diag(4,,4,,...,4,) and 0< A <...< A .
Moreover,

I K,

and ®i<—2
Ao (10)
Lemma 2.2. Let 4 and 4 be two nxn
symmetric matrices, and denote their eigenvalues by

0<A <..<A, and 0< J <...< 1, respectively.

il <-4 .
o (Al A,

(See [17]) Suppose that

2
ly:<

" )
A:n1|:A]] :|’ I’i: All ET )
) 4y E A4,
Denote by 6, for 1<i<n, the eigenvalues of 4,

with ascending order. Then there exist #n, eigenvalues
}:,I S...S};ﬂ of A such that

Zlgi_/iti ‘2 S“ E F
i=1

Definition 2.1. 4—AB is a symmetric pencil of
order n if both 4,Be R™ are symmetric. A—AB is
a positive definite matrix pencil of order » if it is a
symmetric pencil of order » and if there exists e
such that 4- 4B is positive definite.

Lemma 2.3. ([18, 19, 20]). Suppose A—AB
is a positive definite matrix pencil of order n with
nonsingular B and let A, € R such that 4—A B is
positive definite. Denote the eigenvalues of the pencil
A—-AB by

A S SA<ATSLLSAT, (11)

where n, =i (B) and n_ =i (B). Then A7 <4, < 4",
and there exists a nonsingular W e R™" such that

WTAW{_A } wiEw=|
A* [m s (12)

where A, =diag(4",...,4; ).

Lemma 2.4. ([21, Theorem A.2]). Suppose A—AB
is a positive definite matrix pencil with nonsingular
B and with the eigen-decomposition (12). Suppose it
is perturbed to another positive definite pencil 4-AB
with nonsingular B . Suppose B and B have the same
inertia. Adopt the same notations for this perturbed
pencil as those for 4— 4B except with a tilde on each
symbol. Then,

(13)
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where U
+ - +
€= paxicAn AL AL A

1<j<n,

Lemma 2.5. (|21, Theorem A.3]). Suppose A-AB
is a positive definite matrix pencil with the eigen-
decomposition (12), and the eigenvalues are ordered
asin (11). Then for any A, € (47,4")

I, < Jmax{A; — 2.4, -2} (4= 4,B)" ,
Lemma 2.6. ([12, Lemma 2.7]). Let

A4 ET I,
A=|" , B=| ~ ,
E A2 _In,

where 4 e R*™ ,4, e "™ and 4 € R™" are
symmetric positive definite, and »n, +n_ =n. Denote
the eigenvalues of 4—AB by

(14)

A Sl SAT <A LS A,

n_

where 4" >0 and A <0, and the eigenvalues of
4, and 4, by

o <...fa,, B<...<p,,

respectively. Then, for 1<i<n and 1< j<n_,

B, <A, <0< <a,.
3. Main result
Recall Theorem 2.1. For X, and M, in (3), there

exist ¥, and @, such that

lPlTKanl =A, chTan)l =A, ¥, :cD;Tv

\Pngz\Pz =A,, q)gMzzq)z =A,, ¥,= q);T >
where A, and A, are diagonal matrices with the

diagonal entries consisting of the positive eigenvalues

(15)

of H. In fact, A(A))UA(A,)=A(A), where A is
defined in (9).
Let
¥ 0 0 0 ® 0 0 0
|0 ¥ 00 o- 0 ® 0 0
0 0 @ 07/ 0 0 ¥ 0
0 0 0 @ 0 0 0 ¥,

wherer =max{l £ ,, F,}.
Proof. Using (8), (16) and (17), we can transform

LREP for H in (4) and LREP for A in (7) equi-
valently to the generalized eigenvalue problems for

A-2AB and A-AB, respectively, where

A, 0 0 0 0 0 7, 0

0 A, 0 0 0 0 0 I,
A = , B =

0 0 A 0 I, 0 0 0

0 0 0 A 0 I, 0 0

n
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We have P'Q=1,, and

0 0 A 0
. 0 0 0 A,
P'HQ =
A0 0 0
(0 A, 0O 0 (16)
[0 0 A+E, K,
PO = 0 0 E, A, +E,
Al j— 11 FIZ B 0 0
L F’Zl A2 + 22 O 0
E
=P HO+ 0 )
F 0 (17)
where

E:|:l?11 ?12}:|:\P1T 0 :||:E11 E12}|:\P1 0 :|
E21 E22 0 \Ilg E21 E22 0 l{lZ ,
A BT el 2] el
By B Lo ol|lR Eo o]
Making use of (10), we can bound £, and F,
(i,j=1,2) as follows

. M, E,

”E[jZ: \{/?Evlyjz_#
ﬂ‘l 9

- K, F,
”F;‘;‘ZZ (DiTF;'jq)jz— -

L ﬁ" ,
and similarly,
IIEZSHMZE2 ||152§”K2—F2

Theorem 2.3.” Suppose H in (4) is perturbed
to H in (7), whereK ,M and their perturbed
ones are all symmetric positive definite. Adopt
the notations introduced so far in this section. If
max{lE, K ,, F, M~ ,}<1, there are n, posi-
tive eigenvalues 4, <...<Z_of A such that

)
24 (4 -7)

A +E, E, 0 0
ol B ME, 0 0
0 0 A+E, F,
0 0 E, A +E,
Both

and
are positive definite because K and M in (5) are
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assumed positive definite. Let Z =

1 In In
ﬁ In - [n ‘

A=7"4z
T o1~ 1= 1~ 1-=
A1+EE11+EFM E 12+E 12
1 -~ 1 1 ~ 1 -~
E 21+EF21 A2+EE22+EF22
1. 1 1. 1=
E 11_51’7;1 E 21_5 21
1~ 1= 1~ 1-x
E 21_5 21 E 22_5 22
., 0 0
B=Z7"BZ 0 1, 0 0
- 1o 0 -1, 0
0 0 0o -1

In such a case, the generalized egienvalue prob-
lem A-AB, A-2B and H have the same eigenva-
lues. The matrix A is positive definite; so are 4 and
its leading nxn principle submatrix

1 1 1~

~ ~ 1 ~
;1(“) _ A1+5E11+EF11 5E12+5F;2
1 ~ 1~ 1~ 1~
EEZI +EF21 Az +EE22 +5F22
Denote the eigenvalues of A by
i 1~ 1= 1~ 1=
A1+5E11+5F11 EE12+5 12
1~ 1~ 1 ~ 1~
§E21+5F21 Az +EE22+5F22

5N

By Lemma 2.3, A-AB and 4-AB admit the fol-
low eigen-decomposition

. A . -1
WTAW:{A l, WTBW:{ " }
A I)'l

R §
|, wBW=
A I,

Since | A?EAT? , =

A+E)", =

|:A1/2 I+ A2EA? )Al/z ]’1

We have
1~ 1= 1~ 1~ ]
E 11_51;11 E 12 _EFIZ
1 -~ 1 -~ 1 =~ 1 -~
E 21_5 21 E 22 _E 22
1~ 1= 1~ 1-
A1+E 11+E 11 E 12+5E2
1 ~ 1~ 1 ~ 1~
5E21+EF2| Az +E 22+5Fzz

A0 <0< <9

We first consider to estimate the difference between
the eigenvalues of H, and some n, eigenvalues of
A . This can be done by two steps. First, bound the
difference between the eigenvalues of A, +§E” +51:”]l
and some »n, eigenvalues of 4’. Then, bound the
difference between the eigenvalues of A A E, oL E,
and those of H,. By Lemma 2.2 (a) and Lemma 2.2
(b), there are n, eigenvalues £ <...<2 of A
such that

= (18)
Let
1~ 1~ 1~ 1~
Al +EE11 +5F11 EEIZ +5E2
1 ~ 1 ~ ~ 1~
5E21 +5F21 Az +EEzz +EF22

where A =diag(4,...,4,) and A = diag(1",...,A")
Since 4 and A4 are all positive definite, it is followed
by Lemma 2.5 that

Ww, <1 a',=Ji 1",
Notice that
I4", =max{(A+E)" ,, (A+F)" ,}

APYTERAT? < E, YAT'Y' ,= E, K',<1,wehave

2
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IA+F)", < .
g e ﬂl—”F
Let 7 =max{l £ ,,

| W, <4, 41, <

Similarly,

~ @ o1 f/l,f“) A, +T A, +T
”WZS ﬂ’;)AIZZ ﬂ‘l(a)S Al(a) < j‘l

The last inequality holds because of (15). By using
Lemma 2.4, we have

\/”Z © A <\/ZW> it

F,}, itis followed that

P

S e i

Ay
Together (1 8) and (19), we have

(19)

J"ZH wa sJ"z'e,- e +Jiw e
i1 i=1 i=1

<—(”E +FII rt E21+ﬁ'21 F+\/E" ﬁ" ]
’ 244 "

as expected.

4. Numerical example

We test our results in Theorems 3.1 on the fol-
lowing parameterized LREP

Metallurgical and Mining Industry
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1

T
M+aF 0 X X

where the parameter « varies from 0 to 1 while
K +aE and M +aF remain positive definite. Denote
the eigenvalues of A (a) by

“A(@)<..<-A(@)<L(a)<...< ().

In particular, 4 (a)=4 for a=0.

We construct a linear response eigenvalue problem
using the eigenvalues -4, <...<-4 <A <...<4,
from the LREP for the sodium dimer Na,[9] with
n=1862. Let
A, =diag(4,..... ), A, =diag(4,,,.....4,),
and Q,, 0O, be the orthogonal matrices obtained by
gr(randn(k)) and qr(randn(n-k))
within MATLAB, respectively. Finally, we make up
an LREP with

K:|:K11 } M:|:M11 }
KZZ MZZ

where

Ky =M, = QITA1Q1 and K, =M, = Q2TA2Q2 .
The symmetric perturbation matrices
k n—k k n—k

E— K |:E11 E12:| _* |:Fr1 E2:|
k| By Ey ek By By

are also generated by the MATLAB function randn.
Zu(a) A [ for k=4, 6, 8, 10 and
their associated upper bounds from Theorem 3.1, and
show the log-log plots in Figure 1. By Figure 1, it is
clear that the bound by Theorem 3.1 is sharp in this
example.

We compute
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k ~
Figure 1. The perturbation bounds of fZ(A(a) —2,) from Theorem 3.1 with k =4, 6, 8, 10
i=1

5. Conclusions

In this paper, we focused on perturbation bounds
for the partitioned LREP for A as in (1) perturbed to
H as in (7). The bound for the differences between
the eigenvalues of H, as in (6) and some of those of
H are obtained. The main results are summarized in
Theorems 3.1. The bound in Theorem 3.1 is referred
to the Frobenius norm of the perturbation matrices £
and F . It looks very sharp in the presented numerical
examples. While we focused on real symmetric K
and M so far, the development can be made to work
for Hermitian K and M by simple modifications: re-
placing all R by C (the set of complex numbers) and
each matrix/vector transpose by complex conjugate
and transpose.
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