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Abstract
In the incremental forming process, the change in material thickness is related to the spatial placement 
direction of a workpiece (the main direction of incremental forming), which is the key to ensure the 
reasonable thickness of parts. The forming parts model is divided into stereolithography (STL) triangle 
meshes with reasonable accuracy. The angle between the normal vector and the z-axis is considered 
the forming angle θ  of the position. According to the law of cosines of the thickness of incremental 
forming 0 cost t θ= ∗ , the rotation matrix of the normal vector is obtained on the basis of the 
constrained condition of part thickness. As such, the overall rotation of the STL model is achieved, and 
the spatial forming position of the workpiece model is determined. In this study, typical free-curved 
surface parts are selected. Experimental results show that the method can determine the ideal thickness 
of a workpiece. Hence, this work can serve as a reference when determining the reasonable thickness 
distribution of complex parts according to random and optimized placement.
Key words: INCREMENTAL FORMING, MAIN FORMING DIRECTION, STL FILE,  THICKNESS 
ANALYSIS.

1. Introduction
Incremental sheet forming is a flexible dieless 

forming technology used to discretize a three-dimen-
sional model into a series of two-dimensional contour 
models and obtain the overall shape of parts through 
local plastic forming accumulation[1–3]. This form-
ing technology was proposed by the American schol-
ar Leszak[4] in the 1960s. 

In the 1990s, this technology gradually attracted 
the attention of scholars in various countries because 
of the related work conducted by Matsuhara Shio 
(Japan) and others[5-6]. Today, incremental form-
ing is one of the advanced processing technologies 
for metal sheet plastic forming because of its low 
forming force, energy consumption, vibration, and 
noise[7–10]. Numerous scholars in China and abroad 
have conducted research on the field of incremental 
forming technology, incremental forming mecha-
nism, and numerical simulations.

Hirt[11] and others proposed that the change in 
material thickness in incremental forming follows the 
law of cosines 0 cost t θ= ∗  (the forming angle θ is 
the angle between the normal vector of the process-
ing position and the z-axis). The overall direction of 
the position of incremental forming parts (hereinaf-
ter referred to as the main direction of incremental 
forming) will affact the forming angle θ and thickness 
value of different position of parts.

In the present study, a new method based on the 
stereolithography (STL) file format for determining 
the main direction of incremental forming is pro-
posed to provide a reference for incremental forming. 
For structural parts, the main direction of incremental 
forming affects mechanical properties and the subse-
quent assembly of parts that are thin or have varied 
thicknesses[12]. In practice, the main direction of 
incremental forming parts is manually positioned on 

the basis of experience; hence, this approach cannot 
achieve ideal processing effects. The STL file format 
is a three-dimensional graphics file format for rapid 
prototyping and manufacturing technology services. 
This file format represents an object contour model as 
a collection of triangle meshes. The STL file format 
has been extensively used in animation, virtual reali-
ty, and rapid prototyping.

2. Optimization of the main forming direction
2.1 Optimization theory of the main forming 

direction
The optimization of the main forming direction 

ensures that the model of parts generates a precise 
STL file and that the surface of the model is discre-
tized into triangle meshes. When the precision is rea-
sonable, the normal vector of optional position on the 
curved surface could be replaced by the outer normal 
vector of the triangle mesh. The angle between the 
vector and the z-axis can be considered as the incre-
mental forming angle θ of this position. The optimi-
zation of the main forming direction substantially 
controls the normal vector of the STL triangle mesh, 
causing it to revolve according to a certain condition. 
Moreover, this optimization leads to a reasonable an-
gle, that is, the forming angle θ between the normal 
vector of the triangle meshes and the z-axis. Then, the 
vertex coordinates of each triangle mesh are calcu-
lated after revolving according to the rotation matrix 
when the normal vector is rotated in place. The spa-
tial STL model obtained through the aforementioned 
process indicates the processing position of the parts. 
The incremental forming process code can then be 
generated directly on the basis of this model.

 2.2 Information and expression of the STL file
As shown in Figure 1, the information unit of STL 

triangle meshes includes the coordinate value of three 
vertices, namely, ixv , iyv , izv  (i = 1,2,3), and the 
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normal vector in  of the triangle mesh selected, in 
which iin , ijn , and ikn  are the components of in  
along the directions of the x-, y-, and z-axes, respec-
tively.

Figure 1. Triangle mesh diagram                           

Figure 2. Selection of triangle mesh 
diagram of equal thickness

The vertex-redundant and edge-redundant data of 
triangle meshes are simplified and merged[13] on the 
basis of the automatically generated STL file to re-
duce the calculation work. The components iin , ijn
, and ikn  of the normal vector can be expressed by 
the vertex coordinates of the triangle meshes accord-
ing to the right-hand screw rule.
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2.3 Rotating model and boundary constraints 
of the STL model

The part model can involve rotating around the x-, 
y-, and z-axes, as well as overall translation. Given 
that the forming angle is the angle between the normal 
vector and the z-axis and that the rotation around the 
z-axis and overall translation do not affect the size of 
the forming angle, only the rotation around the x- and 
y-axes should be considered in practical applications.

Several constraint conditions of the rotation are 
proposed in this work because the angle of rotation 
around the x- and y-axes cannot be determined in ad-
vance for a three-dimensional numerical model. First, 
the size of the forming angle θ  at any position of 
the parts cannot exceed the forming limit angle maxθ
. Second, the forming angle )/arccos( 0ttii =θ  of the 
parts can be determined with the law of cosines for 
parts that require special thickness ti. Triangle mesh 
is selected in this position, and the angle between the 
normal vector of the mesh and the z-axis is generated 
to reach iθ  after rotation. Third, triangle meshes are 
selected in the position that requires thickness cor-
relation, as shown in Figure 2. For any two triangle 
meshes, the size of angles iθ  and 1−iθ  can be de-
termined with the value of the thickness difference 

)cos(cos 11 0 −− −=−=∆ iiii tttt θθ  when the thick-
ness is predetermined. In particular cases, if the thick-
nesses of selected triangle meshes tend to be equal, 
that is, 0≅∆t , then ≅iθ 1−iθ .

Assuming that the autorotation angle of every step 
is θ∆  in the development process, the rotation for-
mulae around the x- and y-axes can be expressed as 
follows:
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sin cos

y y z
z y z
x x

θ θ
θ θ
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 and 

The single step rotation equation of any point P 
around the x- and y-axes can be expressed by homo-
geneous coordinates as
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These coordinates are concisely expressed as 
( )xP R Pθ′ = ∆ ⋅  and ( )yP R Pθ′ = ∆ ⋅ .

In the actual rotation, the transformation position 
generated after two successive rotations correspond-
ing to point P is expressed as follows:

}{ }{2 1 2 1( ) ( ) ( ) ( ) .P R R P R R Pφ φ φ φ′ = ⋅ ⋅ = ⋅ ⋅
Two successive rotations are determined to be ad-

ditives by multiplying the two rotation matrices, that 
is, 2 1 1 2( ) ( ) ( ).R R Rφ φ φ φ+⋅ =
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Thus, the coordinates after rotation can be calcu-

lated by using the composite transformation matrix.
1 2( ) .P R Pφ φ+′ = ⋅

As such, if the component of the automatic rota-
tion angle around the coordinate axis is set to θ∆  
every time, then the coordinate transformation for-
mula can be easily derived after n rotations.

1 2( ) ( ) .nP R P R n Pθ θ θ θ′ = ∆ + ∆ + ⋅⋅⋅+ ∆ ⋅ = ⋅∆ ⋅
The initial forming angle θ  of the specified posi-

tion of the model is the angle between the z-axis and 
the normal vector of the triangle mesh selected. The 
process ends when the angle after rotation is obtained.

According to the component θ∆  of the set ro-
tation angle, the autorotation of the model can be 
achieved by using the inner function call of an avail-
able CAD (Computer-Aided Design)system. Taking 
the UG system as an example, the generation of the 
rotation transformation matrix requires the UF5945 
rotation function of transform to be expressed as fol-
lows:

Void UF5945 (rotate_origin, rotate_axis, rotate_
angle, mtx, result),

where rotate_angle = θ∆ , rotate_orign denotes 
the coordinates of the points on the rotation axis under 
the ABS(Absolute coordinates), rotate_axis denotes 
the components of the direction vector of the rotation 
axis under the ABS, mtx denotes the rotation matrix, 
and result denotes the function operation result.

3. Experimental confirmation
As shown in Figure 3, a free-curved surface part 

was selected for the experiment. Then, random place-
ment was compared with optimization of the form-
ing direction. The randomized model selected the 
arbitrary position as the main forming direction in 
the CAD system. In the optimization of the forming 
direction experiment, the STL mesh model of parts 
was obtained, as shown in Figure 4. The triangle tol-
erance and adjacent tolerance were both set to 0.05 
mm. Four triangle meshes were symmetrically select-
ed along the left and right sides of the model as fea-
ture points of equal thickness. The angles between the 
outer normal vector of the triangle mesh and the z-ax-
is did not exceed the sheet forming limit angle maxθ  
after model rotation. In addition, the thickness of the 
left and right sides of parts were well-distributed.

The 1060H24 hot rolled aluminum plate was se-
lected as the experimental material. The following 
parameters were set: size, 250 × 250 × 1.3 mm; meas-
ured tensile strength bδ , 119 MPa; specified nonpro-
portional elongation stress 0.2pδ , 72 Mpa, elongation 

10δ , more than 5%; and forming limit angle maxθ
, 76°.

Figure 3. Model of the parts

Figure 4. STL triangle mesh of the 
model

(a) random placement

(b) optimized placement

Figure 5. Cloud charts of 
forming angles 

The forming angle of the random placement of the 
forming direction is shown depicted as a cloud chart 
in Figure 5a. Figure 5b shows the cloud chart after an 
optimized rotation. The cloud chart indicates that in 
two positions, the forming angles of each part of the 
parts are within the limit of the sheet metal forming 
angle. In Figure 5b, the forming angles along the left 
and right sides of the parts are symmetric after the 
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optimized rotation of the forming direction.

The negative forming process method was used in 
the experiment. The process required the addition of 
the necessary addendum surface for the parts of dif-
ferent placements to ensure the clamping of parts and 
guarantee the closure of the knife track, as shown in 
Figures 6a and 6b.

(a) position of random placement

(b) position of optimized 
placement

Figure 6. Adding addendum surface

The parts were modeled in the UG, and the con-
tour tool path was generated. The feed rate of each 
layer was 0.1 mm. In the experiment, the forming 
machine was an NC incremental forming machine 
tool proposed and developed independently by the 
Nanjing University of Aeronautics and Astronautics. 
The material of the head forming tool was high-speed 
steel with an end diameter of 8 mm. The experimental 
process is shown in Figure 7.

Figure 7. Processing process

The processing parts of the two types of place-
ment are shown in Figures 8a and 8b.

(a) random placement                                                  

(b)  optimized placement

Figure 8. Experimental forming

4. Experiment results
The experimental processing parts shown in Fig-

ures 8a and 8b are cut along the position shown in 
Figure 9. The sectional view of the parts is shown 
in Figure 10. A measuring instrument was used to 
measure the points shown in Figure 9. The measured 
thicknesses of the parts are shown in Tables 1 and 2.

Figure 9. Thickness measuring 
points of the processing parts 

The theoretical forming angle θ  of the measuring 
point position was obtained on the basis of Figure 5 
and then compared with the theoretical thickness. The 
theoretical thickness was obtained according to the 
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law of cosines of thickness 0 cost t θ= ∗  to derive the

(a) random placement (b) optimized placement
Figure 10. Section view of the processing parts

Tables 1 and 2 and Figure 11 show that unlike 
in the random placement of processing parts, part 
thickness in the optimized placement was basically 
symmetric along the measuring point position. The 
overall thickness of the parts was also well-distrib-
uted. The thickness difference among the random 
placement parts was relatively large. The position 
achieved with the optimized placement was better 
than that achieved with the random placement for the 
stiffness and strength of forming parts. As such, the 

relative error of thickness.

feasibility of using the STL model mesh of the parts 
to optimize the main forming direction was proven. 
In addition, on the basis of the data of the thickness 
errors shown in Tables 1 and 2, a certain error be-
tween the actual and theoretical thicknesses of the 
parts was observed. However, the overall error was 
small. We also verified that the thickness variation of 
the incremental forming parts basically follows the 
law of cosines 0 cost t θ= ∗  but is unaffected by the 
forming direction of parts.

measuring 
point(cm)

Theoretically 
forming angle(°)

Theoretically 
thickness(mm)

Measured 
thickness(mm)

Thickness 
 Error(%)

1 53.5° 0.77 0.82 6.49
2 46.2° 0.9 0.96 6.66
3 39.4° 1 1.06 6
4 33.0° 1.09 1.12 2.75
5 26.7° 1.16 1.19 2.58
6 20.5° 1.22 1.21 -0.82
7 14.3° 1.26 1.28 1.58
8 8.5° 1.28 1.2 -6.26
9 4.3° 1.29 1.27 -1.56
10 7.3° 1.29 1.21 -6.21
11 13.9° 1.26 1.19 -5.56

Table 2. The sectional thickness of parts after optimized placement

measuring 
point(cm)

Theoretically 
forming angle(°)

Theoretically 
thickness(mm)

Measured 
thickness(mm)

Thickness 
 Error(%)

1 33.7° 1.08 1.01 -6.49
2 26.4° 1.16 1.09 -6.04
3 19.7° 1.22 1.14 -6.56
4 13.4° 1.26 1.2 -4.77
5 7.6° 1.28 1.26 -1.57
6 4.2° 1.29 1.31 1.55
7 7.6° 1.28 1.33 3.9
8 13.4° 1.26 1.23 -2.39
9 19.7° 1.22 1.18 -3.28
10 26.4° 1.16 1.12 -3.45
11 33.7° 1.08 1.06 -1.86
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Figure 11. Distribution of part thickness

5. Conclusion
(1) The proposed method can determine the rea-

sonable main direction of incremental forming by 
using the angle between the z-axis and the normal 
vector of the triangle mesh of the STL model as the 
forming angle of this position. The relationship be-
tween the normal vector of the triangle mesh and ver-
tex is also utilized via the rotation of the specified 
normal vector.

(2) The experimental results show that the thick-
ness distribution of the incremental forming parts 
can be effectively improved by selecting a reasona-
ble forming direction. The experimental results also 
proved the feasibility of using the STL model mesh of 
parts to optimize the main forming direction.

(3) This study verified the relationship between 
the actual and theoretical thicknesses of the parts of 
incremental forming. The thickness variation of the 
incremental forming parts basically follows the law 
of cosines 0 cost t θ= ∗ , but such variation is unaf-
fected by the placement of the position of the parts.
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