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Abstract

In this paper, we consider parametric estimation problem of a continuous type stochastic
mathematical model (stochastic differential equation) in a wide engineering field. On
analyzing the probability characteristics of process, the density function is determined by

using It0 differential law. The maximum-likelihood estimating (MLE) algorithm of
unknown parameter is obtained. The approximation is calculated by using numerical
solution techniques for diffusion process. Finally, we consider three methods for solving
the Cox-Ingersoll-Ross process as a numerical example.
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1. Introduction - _ dX = u(X;6)dt + o(X;0)dW (1)
Stochastic  differential  equations Provide a convenient way to describe
(SDEs) the dynamics process .This has led to growing

244 © Metallurgical and Mining Industry, 2015, No. 3



Engineering science

interest in methods for estimating SDEs (1).
Elerian suggests replacing the Guass density
by chi-squared density which is derived from
the Milstein scheme [8]. Shoji and Ozaki [12]
obtained an approximating for an Ornstein-
Uhlenbeck process. Chan, Karolyi, Longstaff,
and Sanders [4] use moments based one
equation:
1

Xia = Xi + u(Xi;0)A; + o(X;0)Aze; (2)

Gallant and Tauchen, Bibby [2]
compute expectations by using simulation-
based methods. The simulation-based methods
can be computationally costly, but have the
advantage of being easily adapted to diffusion
with unobserved state variables. Stochastic
volatility models are important applications
and these techniques have been found useful.
In this paper, we consider the parametric
estimation problem for It0 process using the
method of maximum likelihood (ML) with
discretely sampled data. Section 2 we consider
the main result of the paper, a characterization
of the exact likelihood function of the discrete
sample as the solution to a particular functional
partial differential equation(p.d.e).When the
solution does exist it may often be obtained by
solving this equation via standard methods to
yield the likelihood function. In section 3, we
review three important models. In section 4 we
consider maximum likelihood estimation and
show some approaches. In section 5, we
present a numerical example.

2 Results

We consider the stochastic differential
equation (1) where W is an r-dimensional

Wiener process. The Oe®cRPis an

unknown parameter.
If the transition densities

p(At, X, | X, ;;0) of X are known, we can
use the log-likelihood function
|n(9)=Z|Og(p(AI,Xi | Xi—l;e)) 3
i=1
For 6. The maximum likelihood
estimator é,:] is known to have the usual good

properties(see  Billingsley, Florens-Zmirou
[9). In the «case of time-equidistant

observations (t, =iAt,i=0,1,...,n) for some
fixed At>0 Dacunha-Castelle [3] prove
consistency and asymptotic normality of é% as
N — oo irrespective of the value of At.

Unfortunately the transition densities
of X are usually unknown. Suppose the process
X (t) is sampled at n+1discrete points in time

t,,t,....,t,, not necessarily equally spaced
apart and let X =(X,, X,,...,X,). Denote
this random sample where X, = X (t,). Given

the discretely sampled data X and the
stochastic specification of the process X(t),

denote by P(X,, X,,..., X;0)the finite-

dimensional distribution of X and let
p(X;0)denote the density representation of

P. Since X(t)is a Markov process, the joint
density p may be rewritten as the following
product of conditional densities:

p(¥)=p(X) Lo (at X1 X, 50) - @
Theorem 1:
The likelihood function p, solves the

following functional partial equation:

0 0 1 6° )
E(Pk)=—&(apk)+gm(b p) (5

Because the equation (5) is a partial
differential equation, it may be solved by
standard methods to yield the likelihood
function. Also, additional restrictions upon the
coefficient functions may simplify these
calculations. The a and b satisfy the following
condition

o.10b 0 .a, 10%
ox b? ot ax[b]JFZc’ﬁx2 0 ©
It may be shown that there exists a
transformed process Z(t)of X(t) for which the
coefficient functions are independent of Z(t).
That is, for some suitable change of variables
F[X()]=Z(t),an application of It0's
lemma will yield:
dZ = p(t;8)dt +q(t; 8)dW
In this case the transition density
function for the transformed data is readily
derived as

(Z-2,,-]t pdoy

1
P20 =[2x]! qde] Zexpl-
2), . 9’de

3 Important process

3.1 Orenstein-Uhlenbeck or Vasicek
model

The Ourenstein-Uhlenbeck processes
is the unique solution to the following
stochastic differential equation
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dX, =(6,-6,X,)dt + 6,dW, 7
For 6, >0,the invariant law is the

. . . (7 .
Gaussian density with mean —- and variance
2

2 2
Gy N2y,
20, 6, 26,

For any t>0,the Ornstein-Uhlenbeck
processes has a Gaussian transition density

p,(t, X,| X, =X,). The of the distribution of
X, given X, =X, with mean and variance
respectively
% O\ oo
m(t, x) = Ee(xt| Xo=X)=—t+ (X ——)e™
62 02
Ifg, =0, the stochastic differential
equation becomes
dX, =-6,X.dt + 6,dW, (8)
and the parameters are 6, and 6. In this case,
if the sampling rate At is fixed, the maximum
likelihood estimator of &, is available in
explicit form and takes the form
A 1 ;Xi—lxi 9)
O2n = A—tlog(ni)

2 X4
i=1

which is defined only if in_lxi >0. (see
i=1

Pedersen [11]) .The maximum likelihood

estimator of & is given by

~ 2 26’A >
0y, =—2"— (X, - X,,")? (10)
3,n _2n0,, ; ( i i-1 )

nil—e )

Ornstein-Unlenbeck process

Time

Figure 1. Ornstein-Uhlenbeck process

3.2 The Black and Scholes or
geometric Brownian motion model

The Black and Scholes, or geometric
Brownian motion model solves the stochastic
differential equation

dX, =X, dt+6,X,dW,, X, =x,,6,€R,6, R,

The conditional density function
p,(t,/x) is log-normal with mean and
variance
m(t, x) = xe®, v(t, x) = x%e*% (%' 1) (11)
Therefore

logy —log x + (91—%92202

t, X) = ex
Po(t Y10 = el i

3.3 The Cox-Ingersoll-Ross model

Another interesting process is the Cox-
Ingersoll-Ross model [5] solution to the
stochastic differential equation

dX, = (6, — 6,X,)dt + 6,/X dW, (12)
where
6.,0,,0,eR..

Under this configuration of the
parameters, the conditional density p,(t,| x)

follows a non-central y? distribution

where
20, 26,
C="3 0.t
93 (l_e ’ )
u=cxe ?,v=cy
Here 1,() is the modified Basel
function of the first kind of order
[, X 2k+ 1
1 (X)= =) ——— xeR
o) Z;(Z) KIT(k+q+1)
Where T'(.) is the Gamma function,

I'(z) = J': x"'edx,zeR, (14)

The Cox-Ingersoll-Ross conditional
density can be approximated using the
mixing-Gamma density [7].

4 Maximum Likelihood Estimation

Because the usual methods for solving
partial differential equations are in some cases
quite cumbersome, solutions are often obtained
by "educated guess.” In this section we
consider parametric estimation problems for
diffusion processes sampled at discrete times.
We observe at discrete assume that the process
is observed at discrete times

t. =iAt,1=0,1,2,3...,n,and, T = nAt.

)
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A, various and it is assumed that nA¥ —0
for some power Kk <2. The asymptotic is
considered as n — oo, which is equivalent to
T — oo

Since p,(t,| x) is usually not known

explicitly, so are L (¢) and all the derived

guantities. There are different ideas to deal
with this problem and we will show some
options in what follows.

4.1 Euler method

Consider a process solution of the
general stochastic differential equation (1). If
the coefficients of the stochastic differential
equation above are constant over small
intervals [t,t+ At):

Xiar = Xy =b(X, 0)At + o (X, )W, —W,)
(15)

and the increments X, , — X, are then
independent Gaussian random variable with

mean b(X,,d)At and variance o*(X,,8)At.

Therefore the transition density of the process
can be written as

1 (y—x=b(x, Ot)’

P, (L Yl X) =;exp{
\27to?(x,0) 2 to?(x,0)

This approximation is good if A is
very small.

Moreover, if the parameters in the
vector @ are different for the drift and the
diffusion parts, some reasonable results can be
obtained. So we assume that o (x,6)=6>0

is constant and that all the other parameters are
in the drift coefficient b(x,#);o is not one of

the parameters in 6.

4.2 Elerian method

Elerian [9] proposed to use the
transition density derived from the Milstein
scheme

1
Xt+At = Xt + b(t’ Xt)dt + O-(t’ xt)(\Nt+dt _Wt) +Eo-(t’ Xt)GX (t’Wt)((VVHdt _Wt)2 - dt) (16)

When the process has constant
volatility or at least oy ~0, the transition

density proposed by Elerian reduces to the
Euler scheme.

4.3 Local methods

The local method consists in
approximating locally the drift of the stochastic
differential equation with a linear function.
The main idea is that a linear approximation is
better than simple constant approximation
made by the Euler method. The first approach
we present is the Ozaki method, and it works
for homogeneous stochastic  differential
equations. Consider the stochastic differential
equation
dX, =b(X,)dt + &dw, 17)
where o is supposed to be constant. The
construction of the method starts from the
corresponding deterministic dynamical system

z—?:b()g) where X, has to be a smooth

function of t in the sense that it is two times
differentiable with respect to t. we have

d?x, dx,
=b (x)—t
dt? (%) dt

suppose now that b, (X) is constant in the

interval [t,t+At), and hence by iterated
integration of both sides of the equation above,

first from to u e[t,t+ At) and then from t to
t+ o, we obtain the difference equation

Xioat = %

N b(x,) (€00 _1) (18)
b, (%)

Now we translate the result above back

to the stochastic dynamical system in equation

(1). So, suppose b(x) is approximated by the

linear function K X, where K, is constant in

the interval [t,t+At). The solution to the
stochastic differential equation is

X, = Xe" o fw XA (1)

Now what remains to be done is to
determine the constant K,. The main
assumption is that the conditional expectation
of X,,, given X, .E(X,, | X,)=X.e“",
From the above, we obtain the constant K,
very easily:

t+At

t+At

K, = ilog(1+—b(x‘) (> -1) (20
At Xiby (X,)
In particular, we have that
Xt+At/xt =X~ N(Ex’vx) (21)
where
E, =X+ b(x). (e™A 1) (22)
b, (X)

}
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V,=g?=———=. (23)
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Figure 2. Euler and Ozkai graph

5 Simulation and analysis
We simulate one long trajectory of the
Cox-Ingersoll-Ross process with parameters:

4,6,,0,)=(0.4,0.2,4/0.03).
We set N equal to 500000 and

A =0.001 and then sample the trajectory two

different value of At to show the convergence
of approximations to the likelihood.

We compare the true against the Euler,
Elerian, and Ozaki methods for fixed values of

6,=0.4 and 6,=+/0.03 as a function of 6,
in tables.

Table 1. Different estimates of the parameter
(A=4)

N True Euler Elerian Ozkai

126 | 0.2072 | 0.1951 | 0.1940 | 0.1963

251 | 01956 |0.1935 |0.1928 | 0.1942

Table 2. Different estimates of the parameter
(A=2)

N True Euler Elerian Ozkai

126 | 0.1937 | 0.1937 | 0.1934 | 0.1941

251 |0.1941 |0.1941 | 0.1940 | 0.1943

6 Conclusion

In this paper, we construct three kinds
of methods for solving equation (1). the Euler
methods ,the Elerian method, and Ozkai
methods . The numerical results show that these
methods are meaningful methods .Finally, an

extension of these result to multivariate
diffusion will be investigated.
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