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Abstract 
Low-angle Servo Method is one of the most important gyroscopic drift test schemes to 
separate some coefficients in gyroscopic drift error model such as DF, DO, DS and DSS. It 
has high precision but the error increases with test time. In order to improve the test 
accuracy, this paper analyzes the mechanism of the Low-angle Servo Method and derives 
its mathematical model. The identification error in the gyroscopic drift error model 
increases by the test error generating noise in the data matrix of the observation equation. 
Total least squares identification method is used to reduce the identification error. 
Compared to the traditional least squares method, the identification precision of DO and DS 
are significantly improved by total least squares identification method. The identification 
precision of DS and DSS are similar and the precision increases. The research results can 
improve test accuracy of gyroscope in application. 
Key words: LOW-ANGLE SERVO METHOD; TOTAL LEAST SQUARES; 
GYROSCOPIC DRIFT TEST 

Introduction 
Gyroscope is a key component affecting 

the accuracy of the inertial navigation system. 
Gyroscopic drift test has become an important 
issue of improving the accuracy of inertial 
navigation system [1]. Generally, the test uses 
force feedback method with advantages of simple 
operation, high speed and low cost [2]. However, 
torque is nonlinear and the test accuracy is not high 
enough. In the low-precision gyroscopes, the 
method of research and application has been 
matured. Table Servo method (referred servo 
method) need not to measure the drift angular 
velocity directly but with the time integration 
indirectly. When the time is long enough to allow 
observation, it can measure very low angular 
velocity drift accurately. So it has the advantage of 
high precision. Servo test method is closer to the 
state of the working gyroscope, with better 
guidance for practical applications [3, 4].  

In recent years, the gyroscope’s machining 
already approaches the limits of precision. Only by 
increasing the time stability of inertial meter factor 
and using high-precision test technology to execute 
error separation compensation, the precision of 
instruments is further improved [5]. Currently, the 
force feedback method cannot meet the 
requirements of the test accuracy for fluid floated 
gyroscope applying in high-precision liquid 
strategic weapons [6]. Therefore, the study of 
servo is imperative to be carried out. However, this 
method calls for high precision turntable [7], so the 
design and debug of the servo system is difficult. 
And thus to carry out the corresponding servo 
experiment is also more difficult. 

The Low-angle servo test method is used 
to separate the model coefficients DF, DO, DS, DSS 
in gyro drift error model [8]. However, few 
researches conducted in similar literature.  
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But it exists methodological error, test 
accuracy is very low [9]. In the paper, the study of 
the error mechanism shows that it causes data 
matrix of observed equations to generate noise. 
The Least squares identification algorithm has 
been used in the Low-angle servo test. It only 
considers the test data’s noise, and do not consider 
the impact of data matrix noise on the 
identification results. Thus, error of identification 
is large.  

In 1980, Golub and Van Loan [10, 11] 
raised total least squares method. The literature 
[12] proposed a method to reduce the 
computational complexity. The algorithm of fast 
convergence was given in the literature [13]. So in 
the paper we use the Total Least Squares to 
suppression of data matrix’s noise. 

This paper establishes the mathematical 
model of the error in the Low-angle Servo method 
and analyzes the impact of the error on the test 
results In the course of the study. The servo test of 
the high-precision liquid floating gyro is finished 
by Harbin Institute of Technology and a research 
institute. In order to reduce the impact of the error 
in the Low-angle Servo method on the test results, 
the paper proposes an identification method by the 
Total Least Squares, and the validity of the 
algorithm is simulated by the experiments. 
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Figure 1.  Direction of gyroscope in the first position 
 

Low-angle servo scheme 
The outer axis of three-axis turntable is in 

East or West direction, so the input axis of 
gyroscope by Low-angle Servo method has two 
direction including pointing to the level of the 
North or the South. No matter which direction it 
points to, gI is always 0. So we will ignore the 
related items about gI and reserve the Significant 
model items DF，DO，DS and DSS. After 
simplifying the gyro drift error model[8] 

2 +eI F O O S S SS SD D g D g D gθ ω ε= + + + +        (1) 
The low-angle servo test can be realized by 

8 installation methods [8]. Figure 1  shows the 
direction of the low-angle servo test in the position 
1. 

The selected method of geographic 
coordinates is invariant and we finish the low-
angle servo test in the position 2-8. Figure 2 shows 
the direction in the gyroscope coordinates. 
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Figure 2.  Direction of gyroscope in the position 2-8 

Position 1: Input axis I point to the level of 
the North. Input axis O point to the level of the 
East and Rotor axis S point to the Earth. 

Position 2: Input axis I point to the level of 
the North. Input axis O point to the level of the 
West and Rotor axis S point to the Sky. 
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Position 3: Input axis I point to the level of 
the North. Input axis O point to the earth and Rotor 
axis S point to the West. 

Position 4: Input axis I point to the level of 
the North. Input axis O point to the Sky and Rotor 
axis S point to the East. 

Position 5: Input axis I point to the level of 
the South. Input axis O point to the Earth and 
Rotor axis S point to the East. 

Position 6: Input axis I point to the level of 
the South. Input axis O point to the Sky and Rotor 
axis S point to the West. 

Position 7: Input axis I point to the level of 
the South. Input axis O point to the level of the 
East and Rotor axis S point to the Sky. 

Position 8: Input axis I point to the level of 
the South. Input axis O point to the level of the 
West and Rotor axis S point to the Earth. 

The observation equation in the Low-angle 
servo test is 
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where ( 1, 2, ,8)i iθ =   in Equation (2) is the 
average angular velocity in T sampling time. The 
identification method is Least Squares. Reference 
[8] points that Equation (2) is considered to be 
correct only with low rotation angle of table. The 
Low-angle servo test works under the condition of 
the rotation angle of table being less than 1°  from 
the initial position in the scheme. The test time is 
limited in 6 minutes. And according to angle 
measuring system we can obtain the table error 
contrast to the random error level of the gyroscope 
and find that the former is relatively large. So the 
paper models the test error cause by in the error in 
Low-angle Servo Method in order to improve the 
scheme. 

Error in low-angle servo method 
Analysis and modeling of error 

mechanism in Low-angle Servo Method 
We describe the error in Low-angle Servo 

Method by taking position 1 for example. Spin of 
gyroscope coordinate system in position 1 is 

shown in Figure 3. At the beginning of the test, the 
gyroscope coordinate is Oxyz. It becomes Ox y z′ ′ ′
after the reverse rotation angle of the table around 
the input angular velocity of gyroscope becomes 

1θ . 
Figure 3 shows that the rotation of 

turntable table will not affect the point of the input 
axis in Gyroscopic Drift Test. But it will change 
the angle among the acceleration of gravity g, the 
output axis Oy, and Rotor axis Oz in the 
gyroscope. 
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Figure 3.  Spin of gyroscope coordinate system in the 
first position 
 

The components of the acceleration of 
gravity projected to every axis of the gyroscope. 
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The components of the acceleration of gravity 
projected to every axis of the gyroscope in 
observation Equation(2) are approximated. 

0
0
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O
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g
g g
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                                                        (4) 

Comparison between Equations (3) and 
(4), we can find that the approximated error is too 
small to ignore with low rotation angle. But as time 
increases, the approximated error and separation 
coefficient error become bigger with the rotation 
angle increasing. They are named Low-angle 
Servo test error leading to the test can’t work 
indefinitely. 

Error in Low-angle servo method has 
integration effect and increases with the rotation 
angle of the table. Under the condition of meeting 
the test accuracy requirements, the table can the 
angle. 
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Figure 3 shows that at the t time the 
rotation angle of the table to the initial position 
becomes 1θ . The components of the acceleration 
of gravity projected to every axis of the gyroscope 
are shown in Equation (5) and their observation 
equation is shown in Equation (6). 
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                                             (5) 

                       2 2
1 1 1 1( ) cos sin ( ) cos ( ) cos ( )e F O S SSt D D g t D g t D g tθ ω ϕ θ θ θ= + + − +                         (6) 

Spin of gyroscope geographic coordinate 
in the position 2-8. Is shown in Figure 4. (At the 
beginning of the test, the gyroscope coordinate is 

Oxyz. It becomes after the rotation of the table 
around the input angular velocity of gyroscope.) 
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Figure 4.  Spin of gyroscope coordinate system in the position 2-8 

Figure 4 shows that the instant expressions 
of the components of the acceleration of gravity 

projected to every axis of the gyroscope at t time 
for the test position 2-8, just like the position 1. 
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In the case of known ( )i tθ  and ( )i tθ , we 

can obtain the expression of ( 1)i tθ +  as follow. 

( 1) ( ) ( ) 1,2,...,8i i it t t iθ θ θ+ = + =            (8) 
Similarly, in sampling time T the average 

article velocity ( 1, 2,...,8)i iθ =  is to be used as 

observation value. The expression of iθ  in 
sampling time T is 

0
( ) / 1, 2,...,8

Ti
i i t dt T i

T
θθ θ= = =∫             (9) 

The integral Mathematical model of every 
Low-angle Servo test is above mentioned. We can 
describe the motion State at any time and any 
position. 

Simulation analysis in error model of 
low-angle servo test 

The advantage of the servo method is to 
extend time and to improve accuracy in the test. 
But the error increases with Low-angle Servo test 
time. The simulation research the relationship 
between the parameter Identification error and test 
rime. We will analyze how the error impact on the 
error by the result. 

In the simulation, we only consider the 
error in Low-angle Servo test without noise. Then  
 

 
the law that the parameter identification error 
changes with the time τ  is found. The 
identification method is the Least Squares. 

(1) Every parameter given. The initial 
value (0) 0( 1,2, ,8)i iθ = =   and the observation 
time τ  is set up.  

(2) To obtain (0)iθ  by substituting the 
(0)( 1,2, ,8)i iθ =   into the Equations (7); 

(3) To obtain (1)iθ  by Equation (8); 
(4) (1)iθ  is substituted into step b and step 

b and c are iterated repeatedly to obtain ( )iθ τ . The  
result and τ  are substituted into Equation (9)  to 
obtain the observation value iθ ; 

(5) To obtain the identification result by 
the Least Squares method. 

The Low-angle Servo test is in Matlab 
software, the latitude angle ϕ  is 39 54 44′ ′′ , and 
the ground speed 15.04107 / heω = ° . The true 
values in table 1 refere to the parameter in the 
existing error model of Low-angle Servo test. The 
error curve increasing with the time τ  is shown in 
Figure 5. In the picture: abscissa represents 
time(s); ordinate is identification error( / h° ). 

  
a) Curve of Identification error( FD ) b) Curve of Identification error( OD ) 
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c) Curve of Identification error( SD ) d) Curve of Identification error( SSD ) 

Figure 5.  Spin of Curve of coefficient identification error 

Every identification parameter results in 
some observation time points are given in table 1. 
 
Table 1. The values of time in the mill drum first 
section 
 

Param
eter 

Dimen
sion 

Tru
th-
val
ue 

Test time τ (s)  
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0 

150
0 

DF °/h -1.5 
-
1.50
03 

-
1.50
03 

-
1.50
03 

-
1.50
03 

DO °/h/g -0.1 
-
0.10
65 

-
0.10
97 

-
0.11
29 

-
0.11
61 

DS °/h/g 3 2.99
92 

2.99
84 

2.99
73 

2.99
58 

DSS °/h/g2 0.4 0.40
06 

0.40
07 

0.40
07 

0.40
05 

 
We can have the following conclusions by 

analyzing the Figure 5 and the table 1. The 
absolute error of the  identification parameter FD  

is no more than 43 10−× / h° . The absolute error 
of the identification parameter OD , the 
identification parameter SD  and the identification 
parameter SSD  is respectively 0.0129− / h° , 

0.0027 / h°  and 47 10−× / h° . So the Low-angle 
Servo test has weak influence on the identification 
parameter FD  and SSD  and it has large impact of  
the identification parameter OD  and SD . 

The identification of the low-angle servo 
test 

The theory of least squares 
identification 

The principle of least squares identification 
is described hereinafter. If a system has the 
observation equations as follows: 
Y AK E= +                                                  (10) 

where 
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The equation is over determined usually, 
and the least squares solution LSX  is with the 
minimum sum of squares of the error. 

1( )LSX A A A YΤ − Τ=                                        (11) 
Total Least Squares Identification 

Theory 
Total least squares identification theory in 

the last century, in the eighties, by Golub and Van 
Loan from the point of view of numerical analysis 
for the first time this approach for the overall 
analysis, and officially called the total least 
squares. In mathematical statistics, this method is 
called orthogonal regression error or variable 
regression. In system identification, total least 
squares method called feature vectors or 
Koopmans-Levin method. Now, the total least 
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squares method has been widely used in 
engineering fields. 

Total Least Squares (TLS) is in solving the 
matrix equation, considering the state of the matrix 
A and an identification method observables Y 
disturbances exist. 

In total least squares, the consideration is 
solving the following matrix equation 

( )Y Y A A X+ ∆ = + ∆                                        (12) 
Equation can be rewritten as 

[ ] [ ] 1
( , - , ) 0Y A Y A

X
 

− + ∆ ∆ = 
 

                       (13) 

The above equation may be equivalent to: 
( ) 0B D Z+ =                                                (14) 

where   [ ] ( 1), m nB Y A R × += − ∈  

[ ] ( 1)- , m nD Y A R × += ∆ ∆ ∈  

( 1) 11 nZ R
X

+ × 
= ∈ 
 

 

Solving the homogeneous Equation (14) 
can be expressed as total least squares method 
constrained optimization problem: 

2

F
min D                                                           (15) 

Constraint is: 
( ) Range( )Y Y A A+ ∆ ∈ + ∆                             (16) 

where 
F

D  is the Frobenius norm of the matrix D: 

2 1/2

1 1
( ) ( )

m n

ijF
i j

D d tr D DΤ
= =

= =∑∑                  (17) 

Constraint means: if 1( ) mY Y R ×+ ∆ ∈ , 
will be able to find a 1nX R ×∈ , make 
( ) ( )Y Y A A X+ ∆ = + ∆ . 

The main difference between the total least 
squares method with the least squares method is to 
consider the presence of noise in the data matrix 
error. 

Total Least Squares Solution 
This paper considers only under 

observation for over determined Equation (14) 
conditions, total least squares problem solving. 
When 1m n≥ + , the two cases to discuss the 
solution of the Equations [13-14]. 

Case 1: The matrix B is only a minimum 
singular value 

Assuming total least squares solution is a 
unit vector norm, by the Equation (14) can be 
written as: 

-BZ R DZ= =                                               (18) 

Suppose Z is a vector of total least squares 
solutions of a unit norm, by the Equation (14)  can 
be written as:  

2 2

2 2
min minBZ R=                                       

(19) 
Constraint is 

T 1Z Z =                                                         (20) 
where R  can be seen as an error vector of the 
matrix 0BZ =  total least squares solution Z , 
namely the total least squares solution Z  is to 
make the sum squared error 2

2
R  for a minimum 

of least squares solution. The constrained least 
squares problem is easily solved by Lagrange 
multiplier method. The objective function is 
defined as 

2

2
(1 )TJ BZ Z Zλ= + −                                   (21) 

where λ ——Lagrange multiplier. 
Standard solutions of the objective 

function is 
TB BZ Zλ=                                                   (22) 

The equation shows, you should choose λ  
the smallest eigenvalues of matrix TB B , The total 
least squares solution “Z” is the right singular 
vectors and matrices “B” corresponding to the 
smallest singular value. 

Making the augmented matrix singular 
value decomposed as: 

1

2

1

0

0

T

n

B U V

σ
σ

σ +

 
 
 =
 
 
 


                     (23) 

And the singular values sorted by 
1 2 1nσ σ σ +≥ ≥ ≥ , the right singular vectors and 

singular values corresponding to 1 2 1, , , nv v v + . 
Thus, based on the analyzed before, the total least 
squares solution for 1nZ v += . It means，Overall 
original matrix equation Y AX=  least squares 
solution is given by: 

(2, 1)
1

(1, 1)
( 1, 1)

TLS

v n
X

v n
v n n

+ 
 =  +
 + + 

                    (24) 

where ( , 1), 1, 2, , 1v i n i n+ = +  is the i  element 
of the 1n +  column belongs to V . 

Case 2：There is multiple minimum 
singular value of matrix B  (the smallest number 
of singular values are the same or very close) 
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Make 1 2 1 1p p nσ σ σ σ σ+ +≥ ≥ ≥ > ≈ =    (25) 

And iv  is any column vector of subspace 

1 2 1{ , , , }p p nS Span v v v+ + +=  , so any right 

singular vectors iv    are given a set of overall 
least-squares solution 

, 1, 2, , 1i

i

y i p p n
α

= = + + +K                   (26) 

where iα  is the first element of the vector iv , The 
other elements of the vector iy , which also means 

[ ]Ti i iα=v y . So, There will be 1n p+ −  total 
least squares solutions. But, we can find out the 
total least squares solution only in a certain sense. 
There are two only possible solutions: 

(1)   The minimum norm solution 
The minimum norm solution of n arguments 
overall least-squares solution. Solving the 
minimum norm solution of the total least squares 
algorithm proposed by Golub Van Loan. 

By Equation (26) can be derived the 
number of main singular value p , make 

1 1 2 1[ , , , ]p p nv v v+ + +=V                                   (27) 

where 1V —— V  in the form of a column block. 
And calculate the Householder 

transformation matrix Q  makes 
0 0α 

 =  
 × 

1V Q
y

 

    



                        (28) 

where  α ——a scalar; 
y ——a vector; 
×——data block we can ignore in the calculation, 
if 0α ≠ , we can get the total least squares 
solution, else if 0α = , decrease p  and compute 
them repeatedly until getting the solution. 

(2) The optimal least-squares 
approximation solution 

The optimal least-square approximation 
solution vector contains only p  parameters. Make 

( 1)m n× +  matrix €B  to be the best approximation 
of a rank B  of p  augmented matrix , in other 
worlds 
€ € T

σB = UB V                                                   (29) 

where 1 2
€ ( , , ,0, ,0)pdiag σ σ σ=σB   。 

Make ( 1)m p× +  matrix ( )€ p
jB  to be a 

submatrix of the optimal approximation matrix €B , 

defined as: ( )€ p
jB : j  to p j+  columns of 

submatrix consists of the €B . 
In the submatrix ( )€ p

jB , 1, 2, , 1j n p= + − . If 

( )

1
p

 
=  
 

a
K

, the least-square solution turns into: 

€(1: 1)
€(2 : 1) 0

€( 1 : 1)

B p

B p a

B n p p

 +
 

+  = 
 
 + − + 


                              (30) 

According to the principle of least squares, 
getting the least squares solution of Equation(30) 
can be equivalent to minimizing the cost function  

T ( )( ) pf a a S a=                                              (31) 

where 
T1

( )

1

€ €[ ( : 1)] ( : 1)
n p

p

i
S B i p B i p

+ −

=

= + +∑  

The total least squares solution: 
( ) ( )( ) ( 1,1) / (1,1) 1, 2, ,p pK i S i S i p− −= + =    (32) 

Verification of the two identification 
algorithm 

The least squares solution of in Low-angle 
Servo Method is 

1( )LSX A A A YΤ − Τ=                                         (33) 
where 
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The Total Least Squares solution TLSX  is 
obtained by Equation (33). 

1
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3

4

5

6

7
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1 0 1 1 cos
1 0 1 1 cos
1 1 0 0 cos
1 1 0 0 cos
1 1 0 0 cos
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

 

 
Simulation and experimental validation 

of two identification algorithm 
Two identification algorithm was applied 

to simulate low-angle servo method. Where 
Latitude =39 54 44ϕ ′ ′′ , earth rate 

15.04107 heω =  . Added rotary table space 
pointing error and the central shaft angle error, 
simulation has been made 20 times, we get each 
coefficient identification results such as table 2: 
 
Table 2. Identification results 
 

Para
mete
r 

Dim
ensio
n 

Tr
uth
-
val
ue 

Least 
Squares 

Total Least 
Squares 

Identif
icatio
n 
value 

Stan
dard 
devi
atio
n 

Identif
icatio
n 
value 

Stan
dard 
devi
atio
n 

DF °/h -
1.5 

-
1.498
8 

0.00
31 

-
1.409
0 

0.00
31 

DO °/h/g -
0.1 

-
0.097
5 

0.00
27 

-
0.099
1 

0.00
21 

DS °/h/g 3 2.997
8 

0.00
39 

2.998
9 

0.00
23 

DSS °/h/g
2 0.4 0.398

2 
0.00
31 

0.398
5 

0.00
28 

 
From table 2 we know, Precision 

difference of the total least squares identification 
method and the least squares identification method 
about DF and DSS is similar, relatively speaking, 
identification accuracy of the identification values 
and standard deviation about DO and DS  has been 
improved. Therefore, Effect of the total least 
squares identification will be better. 

Applying the total least squares identification 
method and the least squares identification to the 
test data processing low-angle servo experiment. 
We can get identification results about model 
coefficient DF, DO, DS, DSS such as table 3(due to 
the normalization processing, table data is 
dimensionless):     
 
Table 3. Experimental results 
 

Parame
ter 

Least Squares 
Total Least 
Squares 

Identifica
tion value 

Standa
rd 
deviati
on 

Identifica
tion value 

Standa
rd 
deviati
on 

DF -0.2379 0.0013 -0.2382 0.0012 
DO -0.0162 0.0014 -0.0151 0.0010 
DS 0.4477 0.0016 0.4492 0.0011 
DSS 0.0670 0.0020 0.0671 0.0019 
 

From the simulation result of table 2 and 
table 3, we can draw the following conclusion: the 
total least squares identification result of 
confidence level is better and closer to the true 
value. 

Conclusions 
In this paper, established the model for the 

error and studied the total least squares and least 
squares identification algorithm simulated and 
compared the results of two identification methods 
of identification for the issue that the coefficient’s 
identification error was larger. The simulation 
results showed that the identification accuracy of 
DO and DS coefficient was significantly improved 
and DF and DSS were similar in two methods using 
total least squares algorithm. The total least 
squares algorithm was applied to identify the test 
data and the recognition accuracy was improved. 
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