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Abstract
The task of determination of stress at the start of deformation of granular filling of cylindrical 
chamber rotating around horizontal axis is considered. By elastic approach, pressure patterns are 
obtained. The effect of formation of zones with minimum and maximum value of medium pressure 
is established. 
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Deformation of processed granular material filling 
the cylindrical chamber determines technological            
efficiency of rather widespread class of machines of 
drum type. The value of moment of resistance to ro-
tation of drum is caused by filling redistribution in 
the chamber [1]. Therefore, the task of determination

of behavior of this material has high level of applied 
significance and is of special interest for dynamics of 
rotor systems [2]. 

Such task was solved analytically and numerically 
with use of models of lumped parameter systems in 
papers [3-5]. 
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Characteristics of shear layer based on continual 

model of granular filling of the chamber were studied 
in paper [6].

Movement of granular layer in case of small rota-
tional speed of chamber was determined analytically 
by the experiment in paper [7]. 

In paper [8], the strain-stress state of filling at the 
initial moment of deformation in case of slow rota-
tion of chamber was researched numerically with use 
of model of limiting elastic-plastic deformation of the

granular medium. 
The task of determination of strain-stress state of 

filling in case of small rotational speed was consi- 
dered analytically in plastic position in paper [9]. 

The further numerical solution of the task of de-
termination of continuous medium stress at the start 
of deformation of granular material in the rotating 
chamber is found in elastic position.

The equations of two-dimensional elastic model 
of deformation of filling is of the form

(1)

(2)

(3)

(4)

(5)

where σx, σy and τxy=τyx – three components of 
stress tensor; Fx and Fy – projections force due to 
mass; x and y – coordinates; Fxν and Fyν – compo-
nents of intensity of surface load; ( )xncos ∧ν  and 

( )yncos ∧ν  – directional cosines; nν – external nor-
mal to  angled surface; Δx and Δy – projections of 
displacement to coordinate axes; εx and εy – linear de-
formations in the directions of coordinate axes x and 
y; γxy – angular deformation in a coordinate plane Oxy;             
Е – filling elasticity modulus; ν – Poisson ratio of fill-
ing.

The system (1)-(5) contains the following main 
equations of elastic deformation: differential equa tions

of equilibrium (1), equilibrium condition on the                 
filling surface (stresses in oblique bound) (2), diffe- 
rential dependences of deformations and displace-
ment (3), continuity equation (4), Hook’s law (5).

The array modeling filling in the form of segment 
of radius R angled to the slope of repose in the state of 
rest α was divided by computational grid into quad-
rangular cells (Fig. 1). 

The algorithm of calculation of strain-stress state 
of filling with finite-element method was developed.

The composed function of total potential energy 
for two-dimensional stress state generally is of the 
form

where px, py – components of vector of external 
loading in the direction of x and y axes respectively; 
u, v – displacement; d Ω and dL – infinitely small ele-

The main ratios of plane stress in the complex form 
with matrix characters

where [E] – elasticity matrix; [D] – differentiation 
matrix.

The main ratios in matrix form

ments of two-dimensional area and circuit.
Composed function of total potential energy of 

computational region in the compact form
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Figure 1. The computational scheme of application of finite-element method for determination of filling stress of  
rotating chamber

Components of vectors of displacement, external 
loading, stresses and deformation for the plane stress

problem is of the form

Figure 2. Diagram of quadrangular finite element r: R1x, R1y, R2x, R2y, R3x, R3y, R4x, R4y – projections of nodal reaction; u1, 
v1, u2, v2, u3, v3, u4, v4 – projections of nodal displacement
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Vector of stresses where {q(x,y)} – vector of approximating func-

tions consisting of components u(x,y) and v(x,y). Vec-
tors of stress in regions of triangular components of 
finite element (Fig. 2).

where Δ – double area of triangle. 
According to the developed algorithm, calculation

of steady-stress state of working medium of filling 
with finite-element method was conducted.

                                a)                                                     b)                                                    c)
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Figure 3. Results of calculation of filling steady-stress state at the start of deformation in case of κ=0.25: a - 
computational grid, b – displacement region, c – region of vectors of principal stresses, d - pressure field along vertical 

axis, e – pressure field along horizontal axis

                                                         d)                                                        e)

                                a)                                                     b)                                                    c)

                                                         d)                                                        e)

Figure 4. Results of calculation of steady-stress state of filling at the start of deformation in case of κ=0.45 
(designations according to Fig. 3)

In Figures 3-4, visual representation of calculation 
results in the form of computational grid, displace-
ment region, regions of vectors of principal stresses 
and pressure field along vertical and horizontal axis 
for two patterns of filling motion is shown.

Computational patterns correspond to state of rel-
ative rest of filling for rational technological value of 
minimum and maximum level of chamber filling κ of 
drum mill. As initial parameters for averaged granu-

lar medium of filling, Е = 2·105 MPa, ν = 0.5,  bulk 
density of ρ = 4600 kg/m3, R =1.5 m, average relative 
size of granular elements d in the chamber with diam-
eter of D – d/D = 0.01were accepted. 

The analysis of obtained fields of steady-stress 
state allowed confirming the proposed hypothesis of 
zone occurrence in the upper part cross section of fill-
ing near point A (Fig. 1), where under certain condi-
tions, separation of granular elements from chamber
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surface can take place with subsequent shift or                     
unfree falling under the influence of gravity for-                
ces. It is caused by reaching of stress in zone of the 
minimum value. The maximum value of stress in the 
central part of supporting surface of chamber causes 
crushing impact on the processed medium confirmed 
by our experiments in this zone. 

Appearance of registered effect localization of 
zones of minimum and maximum value of pressure 
field had steady character and was implemented in 
case of different levels of chamber filling. 

Conclusions
Thus, the effect of behavior of granular filling at 

the start of deformation in the horizontal axis of the 
rotating cylindrical chamber is established. It consists 
in occurrence of filling zone in the upper part of sec-
tion of chamber with the minimum value of pressure 
field, where separation of elements from chamber sur-
face and also from zone in the central part of chamber 
surface the maximum value of pressure takes place, 
while processed medium is affected by crushing. 

With deformation increase, the applied elastic 
model becomes unsuitable for description of further 
behavior of medium due to instantaneous reversible 
breaking of rigid structure of filling after overcoming 
of initial ultimate stress of shift in zone near the upper 
part of free surface when small elastic deformations 
are transformed in finite inelastic ones.
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