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Abstract
This article reports on implementation of the numerical method for surface curvature calculation at 
random point; it is determined by discreet set of points on the irregular grid. The results of this work 
were used for the research of structural failures of coal strata evidenced by the data obtained from 
the exploration wells.
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The necessity to calculate the curvature surface 
z=F(x,y) (or radius of curvature, as these notions are 
reciprocal) occurs, particularly, when we need the 
solution of the calculation problems for tensile or 
compressive stresses at the points of the curvature 
surface. It is known that [1] stresses acting at the                
instant of the pure bend of the stress within the ma-
terial are calculated according to the formula below:
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where 
Е is the elasticity modulus (Young’s modulus) of 

the material (kg/cm2);
kx,ky –  the curvature surface with respect to the 

directions of Х and У axes at the points under study;
z – the distance from the neutral axis at bending 

(m);
σx, σy – the stresses on Х and У axes (kg/cm2).
When the calculations are carried out, the nume- 

rical value of the material elasticity modulus Е is, as 
a rule, taken as standard reference data, which have 
been earlier found based on the special laboratory tests, 

or defined by the appropriate empirical dependence 
on the mechanical and physical properties. 

The value of the distance from the neutral axis is 
set by the researcher and depends on whether the cal-
culations of the stresses at the point under interest are 
required or, in other words, it is determined by the 
certain initial value. The only issue that we need to 
calculate is the curvature surface at the point under 
analysis.

Theatrically, the curvature at any point (xj,yi) of 
the surface z=F(x,y) is directed by the arrangement of 
axes and is calculated by formula [2]

(2)

or

(3)

where φ(x), ψ(y) are the equations of lines, derived 
from the intersection with the surface by XOZ plane 
at the fixed yi and YOZ plane at the fixed xj respec-
tively.

Unfortunately, when the surface is set by the dis-
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creet points, there exist the difficulties with the ana-
lytic expressions for φ(x) line and ψ(y) line, which 
are to be developed with the objective to calculate the 
derivatives of the first and second order. 

Therefore, for the practical solution of this prob-
lem we offered the following procedure. Firstly, we 
produce the two-dimensional interpolation of the val-
ues for points zji with respect to both directions of X 
and Y axes with the equal step h (this simplifies the 
calculations); the interpolation results in the range of 
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,  j=0,…,n,

numerical values {φ(xj)}={z(xj)} at fixed yi and                                                                                                    
{ψ(yi)}={z(yi)} at fixed xj. After this, we use the meth-
od of numerical differentiation for the function with 
a constant step by the function values at these points. 
This method is based on the use of the Lagrange in-
terpolation polynomial formula for equidistant points. 
The general formula for calculation of the derivative 
of the first order with Lagrange interpolation polyno-
mial Lxz(xj) for the equidistant points xj is expressed 
as [3]:

(4)

where q=(x-x0)/h is the new variable of differen-
tiation.

The similar structure is seen in the formula for the 
calculation of the first order derivative with the use 
of Lagrange interpolating polynomial Lyz(yi) for the 
equidistant points yi.

From the general formula (3), we can develop the 
specific formulae for the derivatives of the first and 
second order for each of n points belonging to xj (or 
yi). The further algorithm is as follows. 

 Let us consider the case, when with the two-di-
mensional interpolation of the values belonging to 
function z(xj,yi), we receive  NхN matrix of numerical 
values zji (without intervention into generality, we as-
sume that the number of the points of interpolation by 
both axes is identical and equal to N). For calculation 
of the derivatives and the curve by formulae (3) and 
(2), it is necessary to define subset  { } { }Nn ⊂ , where 
n is the number of points, for which the derivatives 
are calculated. Methodically, this implies that by La-
grange interpolating polynomial Lxz(xj) (or Lyz(yi)) of 
degree n, we can make a piecewise approximation of 
the equation for the flat line, which passes through n 
of points.  

When calculating the derivatives and further the 
curvature surface, the choice of interpolation step and 
number of points are essential (the method is used 
only for the equidistant points). The most important 
thing here is that this procedure envisages the error, 
value of which is inevitable due to approximate nu-
merical methods.

( )0 1 3 42 8 8 /12z z z z z h≈′ − ⋅ + ⋅ − ⋅ (5)

while the derivative of the second order – by formula 
[6]:

,

( ) 2
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where  z0, z1, z3, z4  are the values of the function at 
points x0, x1, x3, x4.

If the number of points is uneven (n - even) and 
the derivative is taken from the midpoint, then the ap-
propriate formula for the numerical differentiation is 
expressed much simpler and is highly accurate. For 
such central points, the first derivative is calculated 
by formula [7]. In order to observe the symmetry, the 
indices are enumerated in this order: -2, -1, 0, +1, +2:
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Moreover, the calculation of the derivatives by the 
numerical method always bears the possibility of an 
error existence and the general expression of this er-
ror for the first derivative is written as:

For points x0, x1, x2, x3, x4  (n=4), positioned in the 
succession with the step h, the derivative of the first 
order at midpoint x2 is calculated by approximation 
formula  as follows:
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Furthermore, for central point x2 at n=4 (we take 

the subset of 5 points) the error expression is the fol-
lowing:

4
(5)
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It becomes obvious from formula (9) that the 
error value is influenced by the distance between the 
points or the interpolation step and the choice of point 
ξ from interval (x0….x5), provided that point ξ does 
not coincide with any of points x0….x5. If the value 
of the interpolation step h can be given with quite 
high accuracy in a definite way, then the choice of 
point ξ is not so explicit and as the practice shows it 
is reasonable to take it in the vicinity of the central 
point.

Eventually, the method we described above finds 
the application for processing on exploration wells 
and the authors use it for detecting tectonic fractures 
in coal strata, caused by accumulation of stresses as 
a result of abrupt changes of stratum hypsometry 
[4]. The algorithms of the method are implemented 
in the medium of integrated mathematical package 
MATLAB 7.01, which has the predefined functions 
of two-dimensional interpolation. The techniques 
applied for this are the methods of nearest neighbor, 
cubic and linear. We would like to note here that well-
developed software programming language is suitable 
for the matrix data processing and EXCEL system 
spreadsheet is a convenient way of information 
exchange.

Since the well network is irregular, we first 
develop the two-dimensional interpolation with 25 m 
step on both X and Y coordinates, which stand for 
the values of depths   from the surface to the stratum 
top and stratum bottom. This results in the matrix of 
depth values   in the interpolation nodes. Leaving aside 
the issues of determining the physical and mechanical 
properties of different rocks, namely the elasticity 
modulus values, in each exploration well and the areas 
chosen for the stresses analysis (these are distances 
from the stratum top and the stratum bottom), let 
us concentrate our attention on the details how the 
calculations for surface curvature of the coal stratum 
are to be performed with the objective to calculate 
further the stresses at the interpolation points.

The calculations for the derivatives of the first 
and second order by formulae (5) and (6) are made 
with respect to the 5-point scheme (n = 4), at that 
the derivatives are calculated only for central point. 
The first five neighboring points xj (j = 0,1,2,3,4) are 
selected with the fixed coordinate value yi  (i = 1, .., 
N) while the derivatives at point (yi,x2) are calculated

by function values   at point (yi,x2). Then, the set of 5 
points is shifted with one interpolation step forward 
and the derivatives for another central point are 
calculated. With the help of this “shifting” method, we 
calculate the derivatives at all the points of a matrix 
row at the fixed coordinate yi. After that, coordinate 
yi+1 is fixed and the above described is repeated for 
the new values   of function z(x,y).

A similar procedure is performed for fixed values 
xj with the 5-point subsets yj (i=0,1,2,3,4). Thus, with 
the completion of the cyclic procedures, we obtain 
the calculated numerical curvature values at all 
points of interpolation kj,i, except the two outermost 
columns and two outer rows of the matrix created by 
interpolated values of  functional z(xj,yi).

Eventually, based on the data of exploration of 
wells irregular grid and physical and mechanical 
properties of the rocks in them, the calculations 
performed by the described method allow us to predict 
zones of tectonic curvature or stratum strains for the 
conditions of d6 strata of Karaganda basin mines 
and with strain stress calculations to determine the 
locations of possible discontinuity of tectonic faults.

Conclusions
On condition that the analytical formula is applied 

to calculate the curvature at any point of the surface 
and this curvature is defined by a discrete set of points, 
then there is no need to write an explicit expression 
of interpolation polynomials, which approximate 
the surface intersections by the planes parallel to 
reference axis. 

The derivatives of the first and second order in the 
formula of the curvature line at arbitrary points can be 
calculated by the numerical differentiation methods,   
based on the Lagrange’s interpolation formula for 
equidistant points by the function values at these 
points.

 The implementation of the described numerical 
method has proved its suitability for applicative 
calculations on the rupture stress of strain in coal 
strata under the influence of tectonic forces.

(9)

      References
1. Darkov A.V, Shpiro G.S. (1989) Soprotivlenie 

materialov [Material Stregnth]. Moscow: Vy-
sshaja shkola. 622 p.

2. Vygodskij M.Ja. (1969) Spravochnik po vyss-
hej matematike [Higher mathematics reference 
book]. Moscow: Nauka. 870 p.

3. Demidovich V.P., Maron I.A. (1968) Osnovy 
vychislitel’noj matematiki [Fundumentals of 
numerical mathematics]. Moscow: GI FML. 
659 p.

4. Metodika vyjavlenija zonal’nosti metanovyde- 



Metallurgical and Mining Industry64 No.11 — 2016

Mining production
     lenija po priznakam strukturnoj geologii (na 

poljah shaht «Tentekskaja» i im. Lenina, plast 
d6). (Zakljuchitel’nyj). Otchet po NIR. [Meth-
odology to reveal zonation by the signs of tec-

    tonics (mines of Tentekskaja named after V. Le-
nin, d6 stratum). Scientific and research work 
report].  Karaganda, 2011. 42 p.


